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Abstract

In this survey, we briefly review some results about the universal dynamics for the defocusing
non-linear Schrodinger equation with logarithmic non-linearity ([5]) without semi-classical constant
and we extend it to the case with semi-classical constant. Such results allow us to pass to the limit when
the semi-classical constant tends to O thanks to the Wigner Transform and the Wigner Measure, and

give us the idea to get similar results for the non-linear Vlasov equation with logarithmic non-linearity.
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Chapter 1

Introduction and Main Results

1.1 Introduction

This survey is concerned by the large time behaviour of solutions f = f (¢, z, &) for the Vlasov equation

Oif +&-Vaof =AVa(Inp)-Vef =0 £>0,(z,§) € R x RY, (h
F(0,2,8) = fin(w,€) (2,6) € R xR, ‘
where A > 0 and p(t, z) f]Rd f(t,x,d€). Such an equation arises in plasma physics, e.g. for quasi-

neutral plasmas in the core or tokamaks when one focuses on the direction of the magnetic lines by
assuming the electrons to be adiabatic ([9, 7]). There, the equation appears in dimension d = 1 and f
denotes the ionic distribution function.

Due to the derivative of the density p with respect to space in the force term V,(In p), this equation
is highly singular. The Cauchy problem is still very difficult to face and, for the moment, it has only
been proven to be well-posed for very specific initial data. However, this equation has a link with the

Isothermal Euler System when we consider mono-kinetic functions of (1.1) of the form

with time-dependent mono-kinetic solutions of the form

f(t7 T, 5) - p(ta m)dac ® 55:1}(15,:(:)7
because p and v have then to solve the isothermal Euler system

{ Bip+ Vi - (pv) =0,

(1.2)
Oi(pv) + V- (pv @ v) + AVyp = 0.

Such a system relates to another equation: a Schrodinger equation. Like before, the potential in this
equation is logarithmic. Formally, for € > 0, consider

2
i€ Opue + %Aua = Aug In |u5|2, ue(0,.) = Ug,in. (1.3)

Any function u, = aaei%E where (¢, ) — a-(t,z) € C?and (¢, ) — ¢.(t,x) € R are solutions to

{ e + (ve - V)ve + AV(Ina[*) = 0, v:(0,2) = ¢, (), (1.4)

Osaz + ve - Vag + %V SV = igAaE, a:(0,z) = ajn(x),



with the relations

t
Oe(t,x) = ¢in(x) _/0 <;|v€(7', )2 4+ Mn |ac (7, x)]2) dr, ve(t,x) = Vaoe(t,z),  (1.5)

. d’in
is a solution to (1.3) with uc j,, = \/pin €' "= . When we formally pass to the limit e — 0 in (1.4), it yields

{ O+ (v-V)v+ AV(In[al?) =0, v(0,z) = Vin(x), 16)

Sa+v-Va+ %v =0,  a(0,2) = am(z),

which is the symmetrized version of (1.2) with p = |a|?.
The Wigner Transform is one of the available tools we have to rigorously relate a Schrodinger equation
to the linked Vlasov equation (with same potential). It revealed good properties to make rigorous the

previous formal link, known as semi-classical limit in physics. Defined by

We(z, &) = (271r)d /]Rd e ey, (ac + %) Ue (:c — %) dz, (1.7)

this tool transforms a function u. € L?(R?) (which can also be time-dependent, in that case the Wigner
Transform is also time-dependent) into a function W, called the Wigner Transform of u. defined on the
phase space. This function usually converges (in a suitable sense) to a measure (called Wigner Measure)

solution to the Vlasov equation
atf+§'vxf_vz‘/()'v§fzo7

when it is linked to u. solution of the corresponding Schrodinger equation

2
1€ Opue + %Aus = Vou, (1.8)

when ¢ tends to 0 as soon as 1} verifies some suitable properties. Moreover, this approach allows to

consider a different framework from mono-kinetic solutions.

1.2 Motivations

The main interest of this survey starts with the article of R. Carles and I. Gallagher [5]. Not only it
provides well-posedness of the Cauchy problem for the Logarithmic Schrédinger Equation for initial
data in some Sobolev space, but they also produce interesting results regarding the behaviour of such a

solution.

Theorem 1.1 ([5, Theorems 1.5. and 1.7.]). Let A > 0, ug, € F(H') N HY(R?). Then there exists a
unique, global solution v € LS. (R, F(H') N H'(RY)) of

loc
A
i O + 7“ = ulnful?,  w(0,.) = up. (1.9)

Moreover, u € C(R, L?> N H}(RY)). Assume w;,, # 0 and rescale this solution to v = v(t,y) by setting

1 ; ;) 22
) = Ll (o)
@)z 1l 7(t)




2
_l=|

2 and T is the solution of

%:Q, 7(0) =1, 7(0) = 0. (1.10)

T

where y(z) = e

Then T € C*°(R™") and there exists C such that for all t > 0,

1
/ (L4 [y* + [ ot y)?]) [0t 9) P dy + —5 [[Vyo(t)]| 2gey < C-
Rd T(t)

We have moreover

1 1

/ y |t y)Pdy — y | () dy.
d 9 t—o0 R4 9
|y 1yl

Finally,
lo(t, )2 — +? weakly in L*(R%).

t—o00

Two new features characterizing the dynamics associated to (1.9) are interesting:

d
e Thanks to the estimate [5, Lemma 1.6.], the dispersion rate is in (t\/ In t) 2. Usually in t5 for the
Schrédinger equation, it is altered by a logarithmic factor due to the non-linearity of the equation,

accelerating the dispersion.

e Up to a rescaling, the modulus of the solution weakly converges for large time to a universal

Gaussian profile.

The existence and uniqueness of the solution can then be easily proved for the general case £ > 0, but we
wonder if the other properties can be generalized with some uniformity in € and, if so, if the semi-classical
limit propagates such a behaviour. As previously said, the Wigner Transform may be the tool to make the
link we are looking for. This intuition is strengthened by the view of the following result from R. Carles

and A. Nouri [7], recalling the definition of Zhidkov spaces:
X*R)={f € L*R), f' € H*'(R)},

Theorem 1.2 ([7, Theorem 1.4., Proposition 5.1. and Theorem 5.4.]). Let A > 0 and s > 3. Suppose
that (pin, din) € X5(R?) x C(R) with ¢}, € X*(R) and p(x) > pos for some positive constant
po«. Then there exist T" > 0 independent of s > 3 and ¢ € [0, 1] and a unique solution (a.,v:) in
C([0,T]; X*(R) x X*(R)) to (1.4) in dimension d = 1, i.e.:

Opve + Opve Ve + A 0z (In |a€|2) =0, v:(0,7) = ¢, (),
atas + ve - aas + %6xvs = igvasa aE(va) = am(:v)

If we suppose in addition ¢!, € L*(R), then for every e > 0, u. = agei%s (where ¢ is given by (1.5)) is
i Pin

the unique solution in C([0,T], X*(R)) to (1.3) (d = 1) with uc jn, = \/pPin€" = .
Moreover, the Wigner Transform W of u. weakly converges in My([0,T] x R?) to the bounded

measure
M(ta dz, df) = |(I(t, $)|2d$ ® 55:11(75,:5)

where (v, a) is the solution to (1.4) for e = 0. Moreover, 1 is a solution to (1.1) ind = 1:

Op+&0upt — A0y (Inp) O =0, where p(t,z) = / pu(t, z, dg).
R



This result shows that, far from the vacuum, the formal proof made previously actually holds. In
particular, the link with the Isothermal Euler System still holds from the fact that the solutions are
mono-kinetic, which is not the case in general. But, even if this result is enlightening, it will not be helpful
in the case where the initial data is in a Sobolev space. Yet, we still have some other interesting results
in the previous article ([7, Theorem 1.1.] and its proof) for a particular case in which we can compute

explicitly the solutions for the Schrodinger and Euler equations: the Gaussian-monokinetic case.

Theorem 1.3 ([7, Theorem 1.1.] and its proof). Let A\, p, 09 > 0 and wg, pg € R. Set

2
_ 2 X
pin(T) = pee” 70", in = Wo 5~ + Pot, Vin(x) = ¢, (),

and consider the solution 1y to the ordinary differential equation

2\
fp= 200 ) =1,  79(0) = w.
70
Then 1o € C®(R™"). Set
(z—pot)?
P« —oo ) TO(t)
tox) = 0 t ) = — pot
p( ,I’) T()(t)e 0 ) 7)( 7'7;) To(t) (CC Do )+p0

and consider u. the solution of

2
1€ O0ue + %Aus = Aug In |u5|2,

U (0,2) = Ue in () = \/pin(z) € 2l e F(HY)Yn HY(R),
in L°(RY, F(HY) n HY(R)) NC(R*, L2 N H(R)).

Then the Wigner Transform of u. weakly converges when € — 0 to the bounded measure

M(fw d.il',', dg) = p(t7 x)da: ® 5€:v(t,x)a
solution to (1.1) with ;1(0, dz, d§) = pin(7)dz ® d¢—y,, (z) Since (p,v) is solution to (1.2).
In particular, in the same theorem, it is shown that

0(t) ~ 2tVvolnt,

t—o00
which yields
£)2
7 it ~ (1)
g t—00 t—o00

where 7 is defined in (1.10). Therefore, we still have for this case the same dispersion, and we see that, up
to the same rescaling as before, p converges strongly to 72 in L. This result brings us to think that the
behaviour found for the Schrodinger Equation still holds for the Vlasov Equation. This has already been

proven for the case of general mono-kinetic solutions, i.e. for solutions of (1.2), in [4].

1.3 Main Results

The first idea was to generalize Theorem 1.1 to the case ¢ > 0 with some interesting initial data u, ;,
after rescaling in a good way, in order to have some uniformity in € in the estimates. Such results are

presented in the following theorem:

6



Theorem 1.4. Let \ > 0, p;y, > 0 and ¢;y, such that:

Voin € FHY N HYRH\ {0},  ¢in € WEIRY,  \/pin Voin € LEHRY). (1.11)
For all € > 0, there exists a unique global solution u. in L°(R, F(H))N H)NC(R,L?> N H}) to (1.3)
With Ug in = /Pin e ¢Zn :

2
€
1€ Opue + EAuE = \ug In |u5|2,

U (0, 7) = uein(x) = V/pin(x) '~ = € F(H)Y N H.

Rescale the solution

1 /Pin () |o|?
ug(t,a:) _ H Pi HL2 Ve <t7 TQ? ) eZ ) 26 , (112)

R OERRLE (t)

where we recall T is defined by (1.10) and ~(x) = e’%_
There exists C' independent of € such that for all t > 0 and all € > 0,

2
&€
L (R o)D) e ) dy+ Ve ey < € (L1
© g2 7(¢) )
3(t) =C. 1.14

We have moreover three constants C1,Cy € R? and C3 > 0 (which do not depend on t or on €) such that
forallt > 1andalle > 0,

1
t,y)|?dy = — (Cyt 1.15
Lyl iy = —(Cut+ Ca), (115
T7(t)+1
\/|wwwwW@—/|W%@m4g@<?2, (1.16)
Rd Rd 7(t)
which yields
1 1
/d y PPy = | Ly |7 w)dy (1.17)
ly|? ly|?

uniformly in €. Finally,
lve(t, )? — A2 weakly in L' (R%).

t—o00

Following the idea of the formal link with the Isothermal Euler System, such estimates would allow
us to have the same kind of estimates for ¢ = (, as soon as we make the link in a more rigorous way,
which means, following the usual results, that the Wigner Transform of the solution of (1.3) converges to
a measure solution to (1.1). However, our case is more tricky than the usual one. Indeed, the main point
in Theorem 1.2 is that we can actually make (1.4) rigorous (in dimension 1) when we are far from the
vacuum, and this is why we end up with a solution of the Vlasov equation. This is not the case in general
for our approach where u, ;;, is in a Sobolev space, and we need to take another way. Yet, the properties
on the solution u,. that the previous theorem induces are sufficient in order to have the convergence of
the Wigner Transform and to characterize the behaviour of the limit. Defining the following space of test
functions:

A={peCoRE < RY), (Feg)(w,2) € L' RLCORD) |,



and the following spaces

By = {re L@, [ JoP @) do <
Rd
plog L(RY = {1 € @), [ 1@l f(@)lds < oo}
R4
we can state the main result for this Wigner Measure.

Theorem 1.5. Let A > 0, p;, > 0 and ¢y, satisfying (1.11) and, for all € > 0, let u. be the solution in
L®RY, F(HY N HY) NCRY, L2 N HY) of (1.3). Recall the definition of v. in (1.12). Take W (resp.
W.) the Wigner Transform of u. (resp. ve). Then

W.(0) — Pin(T) @ Se=vpy, (2) in A, (1.18)
N 2
0 Il ) @)@ Semvim@  inA. (1.19)

n—00 HpinHLl '

Moreover there exists a subsequence (ey,)y, such that e,, — 0 and two (non-negative) finite measures
n—00

W and W in L=((0, 00), M(R?% x R%)) such that for every p € [1,0)

WEn TL—_\>OO W ln Li}c((o7 OO)? Al))
V., ol W in L ((0,00), A),
and the relation between W and W given by
pinllLr = ( x : )
We(t,x, &) = Welt,—,7(0)—7(t)x (1.20)
&) =y We by TS 0

still holds after passing to the limit. Furthermore, we have
W(t,REx RY) = ||4%||0 forallt >0, (1.21)
plt,y) = / W (t,y,dn) € L®((0,00), Ly N Llog L(RY)) N C(R*, W1 N L, (RY)),  (1.22)
R4

and there exist three constants Co > 0 and C1, Cy € R® such that for all t > 0,

1 2~
W (t, dy,dn) < C
L //Rded In| W(t,dy,dn) < Co,

7o) 2W (to. dy. dn)dty < C,
0 7‘3(L‘0) R Rl ’77‘ (Oa Y, 7]) 0= Go,

B 1
[ pitt)dy = s (Cat+ o),
R 7(1)
which yield
1\ _ 1\ ,
L) sty — 22 (y) dy.
Rd y t—o0 Rd y
Finally,

plt,.) — 42 weakly in L'(R%).

t—o0



Therefore, the main behaviour of the solution of the Logarithmic Schrédinger Equation in Theorem
1.1 is propagated to the Wigner Measure, thanks to the uniformity of the bounds found in Theorem 1.4.
However, we do not prove the fact that the Wigner Measure satisfies (1.1). Indeed, to the best of our
knowledge, the results to prove it rigorously in the general case ask for a little bit of regularity for the
potential V, in both linear and non-linear cases, whereas our potential In |u.|? is highly singular and

non-linear.

Remark 1.1. The convergence for the second momentum stated in (1.16) is uniform in . Yet, we still
can not conclude for the case "¢ = 0" because we do not know if fRd ly|? p(t, ) dy converges to
Jga [y|? 5(t, y) dy. This would have been the case if, for example, we had a bound of a higher moment,

but we do not.

Remark 1.2. e As a straightforward consequence, with the previous notations of Theorem 1.4, we

infer the slightly weaker property that |v.(t)|? converges to 72 in Wasserstein distance:

Et 2 2
s (MEOF )
2

T T2 t—o0

where we recall that the Wasserstein distance is defined, for v; and v probability measures, by

P
W@@hm)=hﬁ{</ !w—yVmA%w)
R4 x R4

where 1 varies among all probability measures on R? x R%, and T R? x R — R? denotes the

;(MHMZ%},

canonical projection onto the j-th factor (see e.g. [13]).

e In the same way, with the notations of Theorem 1.5, thanks to the bound uniform in ¢ for |y|? 5(t) in
L' and the weak convergence of 5(t) as t — oo, we infer that for every p € [1,2), [ga [y 5(t) dy
converges to [ |y|P v? dy (see Appendix B for a proof). Therefore, f(t) converges to 42 in

plt) 7
Wp( o7 ) 520

s ™

Wasserstein distance:

for every p € [1,2). This remark shows that we might have some uniformity in € € [0, 1] for the

convergence of |v.(¢)|? to v in Wasserstein distance W), for every p € [1,2).

We are now interested in the behaviour of the solutions of the Logarithmic Vlasov Equation. In the
light of the previous theorem and of Theorem 1.3, our intuition would say that any solution of (1.1) has the
same behaviour as previously. However, the potential is actually so much singular that the way to formalize
(1.1) is very difficult, and therefore getting solutions is even more difficult in the general case. Yet, we
can still compute some explicit solutions, like in Theorem 1.3 for the case of Gaussian-monokinetic initial
data. We also have another class of explicit solutions, which is in some way an extension of the previous

case: the "Gaussian-Gaussian" case.

Theorem 1.6. 1. Forci9 >0, co0 > 0andcy1,By, Br €R, set

C = 0170 CQ’(], (1.23)



and consider c¢; € C*°(R™) the solution of the ordinary differential equation

~2
G = Q O—, (1.24)
C1 Ci)’
01(0) = 6170, (125)
é1(0> = C1,1- (1.26)
Then, set
C
co(t) := @)’ (1.27)
b1 (t) := Bit + By, (1.28)
¢ (t
ba(t, x) = Cigti (x — B1t — By) + By. (1.29)
The function

Flta,€) = — e —bi (1) _|§-—62@,xﬂ2]

e el T [ c1(1)2 ca (1)

satisfies (1.1). Moreover, if we rescale to f = f (t,y,n) like previously

1 = T .
.6 = g f (06~ 0 )

and define
ﬁwyrz/aﬂm%mdm
R4

there holds
pt,.) — ~2 strongly in L' (R).

t—o00
2. LetT € (0,+00], by = b1(t) € C*([0,T),R), c; = c1(t) € CH([0,T),(0,00)), by = ba(t,x) €
CH([0,T) x R,R) and c3 = ca(t,x) € CL([0,T) x R, (0, 00)) such that
1 [z —01(t)* €~ ba(t, )
t = — —
f(t ) (mer(t) ea(t, x))d P c1(t)? co(t, x)?
is a solution of (1.1). Then cy does not depend on x, all the functions are C* and (1.23)-(1.29) hold.

We see that the behaviour still holds, with the better result of strong convergence in L' to +2 for ,
like what we had in Theorem 1.3.

However, we are not interested in the formalization of the equation (1.1) for the general case in this
paper, and we focus only on the results by assuming some formal properties to be verified by such a
"solution". The first properties that come to mind are the usual properties for Vlasov equations: the mass
conservation and the energy conservation. Following the results found for the Wigner Measure, we also
want equations which are similar to the isothermal Euler system, in order to proceed like the proofs of
the above results, which are equations involving d;p and 9; [ & f (¢, z, d€), but also those involving some

second momentum, in x for instance. Such remarks lead us to define:

ME1oq = {u € M(R; x RY), p(x) = /IR p(x,dg) € LR N L log L (R%} ,
3

M2 = {/,L € M(Ri X Rg),//Rd Rd(|$’2+ ’§|2)d/jJ < OO},
X

where M stands for the space of non-negative measure. This yields the following theorem:

10



Theorem 1.7. Let f = f(t,z,§) € L35.(0,00; MXioe N Ma) satisfying f(0,2,§) = fin(x,) €

Mg N M2\ {0} and
d
dt (//Rdxw f(t’dx’dg)) =0 (130)
4 (L 2 B
dt (2 //Rded €17 f(t,dx,dE) + /\/Rd p(t,z) lnp(t,x)dx> 0, (1.31)
Oip(t, ) + Vg - </ gf(t,m,d§)> =0, (1.32)
R4
0 [ 6 f(t.de)+ Ve [ €0ET(0,d) +ATuplta) =0, (133
R4 R4

% <//Rded 2|2 f(t, dx,df)) = 2//[[@%(133'““’“’@’ (134)
% <//Rdedw £ f(t, dw,dE ) // \5!2f(t,dx,d§)+A/Rd p(t, z)dz. (1.35)

Then p(t,x) = [ga f(t,,dE) € C(RT, L (R?)). Rescale the solution to f = f(t,y,n) by setting:

M ~ €T .
f(t,z,8) = T2 f <t= @aT(t)f - T(t)QC) ; (1.36)

where M = fi,(R? x RY), which leads to

(t, ) M5 <t > >

P\LT) = — <7 57 P I
() [Vl 7(t)

where p(t,y) fRd t , Y, dn). There exists C > 0 such that for all t > 0,

(/R (1 (e, ) | + lyl?) 7t ) dy + —5 = //R L ftdy,dn)> a3

We have moreover

/Rd y | Aty dy — Y v (y) dy.
ly|? ly|?

Finally,
plt,) — 2 weakly in L*(RY).

t—o00

The assumptions (1.34) and (1.35) should come from (1.32) and (1.33). However, we still add those

equations in the assumptions to make the theorem completely rigorous.

Remark 1.3. The result p € C(R*, L. (R?)) is important in order to ensure that p(t) is actually well-
defined for all ¢ > 0 (and not only almost everywhere), despite the weaker regularity of f. This result
actually comes from the assumption (1.32) along with [, |£] f(t, z,d€) € Li2,(0, c0; M(R?)).

The previous theorem predicts the behaviour of most of the involved expressions, it only remains
[Jgasga [€12f (¢, dz, d€). This is computed in the following corollary.
@ X Re

Corollary 1.1. Let f satisfying the hypothesis of Theorem 1.7. Then it also satisfies
// 12 f(t,dx,dE) ~ 2X\dM Int.
R4 x Rg t—oo

Remark 1.4. In the same way as before, p converges to 2 in Wasserstein distance:

plt) 7
W2 < % I tjo 0.

s T2
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1.4 Plan of the proofs

The plan of the rest of the paper is the following. In Section 2.1, we recall how we get the existence and
uniqueness of a solution to (1.3) with more general v ;,,, and then we prove Theorem 1.4. In Section 2.2,
we first define the Wigner Transform and state some general properties. Then, we prove Theorem 1.5.
Last, Section 2.3 is devoted to the proofs of Theorems 1.6 and 1.7 and Corollary 1.1.

12



Chapter 2

Results and proofs

2.1 Schroédinger Equation with logarithmic non-linearity

We are interested in the properties of the solution of the Schrodinger Equation with logarithmic non-

linearity:
2
€ )
i€ Opue + gAug = AuzIn |u5|2, in D, ue(0, ) = g in(z),

with A > 0, € > 0 and u, ;,, given. First, we will recall the existence and uniqueness of such a solution

when the initial data u,. ;, has some good properties before going into the proof of Theorem 1.4.

2.1.1 Existence and uniqueness of a solution

First, recall the Logarithmic Schrédinger Equation (1.9) like above with ¢ = 1:
. 1 2
i Opu + §Au = Auln|ul*, u(0,2) = uin(x),

with A > 0 and w;, given. This equation has already been studied in [5] and [8], and we have some
results for existence and uniqueness. We recall before the mass, angular momentum and energy for some
fe{ge H'(RY), g g € L'}:

M(f):= HszL?(Rd)y
K=t [ F@VsG)do.
1 2 2 2
E(f) = SlIVIll@e +A [ 1f(@)] In]|f(2)] de.
2 ( ) R4
Such definitions allow us to correctly state the following theorem:

Theorem 2.1 ([5, Theorem 1.5.]). Let the initial data u;, belong to .F(Hl) N Hl(IR{d). There exists a
unique, global solution u € L%.(R; F(HY) n HY(RY)) N C(R, L2 N HL(RY)) to (1.9). Moreover, the

loc

mass M (u(t)), the angular momentum J(u(t)) and the energy E(u(t)) are independent of time.

Remark 2.1. Weaker hypothesis are possible in order to have existence and uniqueness, in particular
substituting F(H?') by F(H®) for a € (0, 1] (see [5]). However, this hypothesis is not helpful in the
following, and we stick to the assumption u;, € F(H') N H'(R%).

13



We see that (1.3) and (1.9) are actually linked through a simple change of variables: if u. satisfies
(1.3), then w.(t, x) = uc(ct,ex) satisfies (1.9) with w. (0, 2) = u.(ex) € F(H') N HY(RY) if ue i, €
F(HY) N H'(R?). Such remark allows us to state the existence and uniqueness for the equation (1.3) and

some first properties, after modification of the angular momentum and energy:

L) i=tme [ F@)Vf(@)ds

Rd
Ef) = SV A 2] 24
{0 1= GIV ARy + A [ 1@ Il f(e)? do.

Corollary 2.1. Let ¢ > 0 and ue ;y, belong to F(H') N H'(R?). There exists a unique, global solution
ue € LE(R; F(HY) N HY(RY) N C(R, L2 N HL(RY)) to (1.9). Moreover, the mass M (uc(t)), the

loc

angular momentum J.(uc(t)) and the energy E.(u-(t)) are independent of time.

2.1.2 Properties of the solution

In view of Theorem 1.4, we now fix u. ;,, like in the hypothesis of the theorem:

: in (2)
Ue,in(2) = \/pin(x) €' <,

where p;, > 0 and ¢;,, are such that
Voim € FHEHYNHR®RH\{0},  din € Wil RY, /i Vin € LA(RY),

so that for all £ > 0,
Ue in € ‘F(Hl) N Hl(Rd)7

which yields a solution u. € L (R; F(H') N HY(RY)) N C(R, L? N H} (R9)) to (1.3) thanks to the

loc
previous corollary.

Rescaling the solution

Following the ideas of Theorem 1.1, we want to rescale the solutions in order to find similar properties on
this rescaling. As we are aware that the main oscillations for (1.3) should be of order %, especially since
the oscillations of u. ;;, are of the same order, we can guess that the good rescaling is (1.12), the one we
introduced in Theorem 1.4, recalled here:

1 i |l\/Pin]| 2 o (t, f) FEC: of?
~0f Ihle

ue(t,x) = ry

||

where y(z) = e~ 2 and 7 is the solution of (1.10):

2)
T = — 7(0) =1, 7(0) =0,

so that we have, when ¢ — oo (see [5, Lemma 1.6]),

7(t) = 26V Int (1 +0 <ln1nt>> .

Int

Writing (1.3) in terms of v, yields

2 2 '
i€ Ove + —— Ayve = Mo ln | 2| — (dlnT(t) 9 WM) ..
2r(t) v R

14



. . . . _i
The last term is totally harmless, as it can be removed by changing v, into v. ¢~*= where

t
0

||’YHL2

Thus, we obtain the system

2 2
, £ Ve IellVZ
v + —— Ay, = .1 , 0,2) = L2
TEOET g Syte T A v<000) = 1l o

Estimates

We now define the (modified) energy:

£°(t) = Tm / oot ) € v (t, y) dy = En(t) + A Ean (1),
Rd

where
€ 52 2
Ein(t) = WHV%HL%
ve(t,) |
&S ty))? In|—222]
) = [ o) 1n | P!
are respectively the modified kinetic and entropy energies.
Then we easily compute:
J 7'—(t) €
88 - _Zigkin' (21)

7(t)
Following the ideas of [5], we should now have bounds independent of ¢ if £5(0) is bounded

independently of . Thanks to the assumptions (1.11), we can compute explicitly £°(0) in terms of p;y,
and ¢;,:

e Pl 2 [t 1P 177 2
E5(0) = — [|Vte in||72 + A |te in|” dz
2 (lyoml2, O H\/PmHQ RN
H’72HL1 / 2 2 HW |73 / 20,12
FA—— [ |tein| In|ucin|"de + N ———5— [ |ucin|” |y|” dx
||m||2 ‘ 5,7,n| | E,zn| H\/MH%Q | 6,1n| | ‘
2 2 2
e 1l ’ Voin 7| 21 oallVE 2
= — V (\/pin) +1 Di +A In Di
2 Tyl || ¥ Vo) VPin | AT ol E P T ol 2, VPl 22
il /p' tn pin iz + 2 LI /p' ly|? da
wm wm m
Nz lv/Pinll2
= e e () + Vi Bl + A I 2y
2|l\/pinll 72 [\/Pinll72
17?1 / 17221 / 2
D S — in 10 pip dx + N —5— ; dx
IV R W R
L L

The hypothesis (1.11) actually yields f Pin |10 pin, | dy < 00. Indeed, p;, > 0, and
Pin ’ In Pin | < C§ (len_(S + p1+6)

forall § € [0, 1). Then, the two bounds
[ ot < callvmmliys

15



for 6 > 0 small enough thanks to Sobolev embeddings and

— S—dd
/ P8 < Cyll /12325 ]/ |25

for0 <d < diﬁ yield [ pin | In pip, | dy < oo
Moreover, V (,/pin) € L*(R?) and all the other terms are well-defined thanks to (1.11). Therefore
we have a bound independent of € as previously announced. Thus, this leads to the result, which are the

estimates (1.13) and (1.14) of Theorem 1.4 stated in the following lemma:

Lemma 2.1. Under the assumption (1.11), we have

2
In v | 2(t 2) |02t y) d 6/ 2(t,y)d
sup ([ (o) |+ ) Pty + 5505 [ V0Pt dn) <o
e>0

and

o0 2
/ Eﬂﬂjiw%ﬂuw@ﬁ<c.
o T3(t) Jga

o= [ 0Pt + [ P ocP,
/\va\ln|v5|2:/ \Ua\21n|v5|2+/ |vg|21n]v5]2.
o >1 e |<1

Then, separating the positive and negative parts of the modified energy and using the fact that this modified

Proof. Write

and

energy is non-increasing, we have

& =&t A [ follfofen [P P <E0 -2 [ Jedmlef <C e
|ve|>1 |ve|<1

where £2 = —\ f|v5‘<1 |ve| In [ve|? > 0. This term is controlled by

&SQ/wﬁﬂ
Rd

for all § € (0,2). Moreover, we have the estimate
_ 2—(1+2)s ds 2—(1+2)s 4
[t < ol Py = Gl vl

assoonas 0 < d < %. Taking (for example) § = this implies

d+2 ’

£ <Oy (Si)4<d+2>
&L <Cq (1 + (85)4<7di2>> ,

and thus £5 < C with C which does not depend on ¢ and € since 1T +2) < 1. Then we also have £¢ < (),
and it follows that £5 + £° and £¢ are bounded uniformly in ¢ > 0 and in ¢ > 0.

Last, (1.14) follows from (2.1) and the fact that £°(¢) is bounded uniformly ine > O andin¢ > 0. [J

Remark 2.2. Actually, we have £ > £

ent = 0 thanks to the Csiszér-Kullback inequality, which reads (see
[1, Theorem 8.2.7])

1
&S TG TH —
2 B2l

This inequality shows that, if we had &5, (¢) 2 0 (for example, £°(t) 2 0), then we would have
—00 —00

[0 2) = 7[5 sy -

|| [vel?(2) — 72| ‘il(Rd) hvd 0 and then strong convergence would follow, but we cannot reach this

conclusion in the general case.
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Convergence of some quadratic quantities
We now prove (1.15)-(1.17), as stated in the next lemma.

Lemma 2.2. Under the assumptions of Theorem 1.4, there holds for some constants C,Cy € R? and
Cs > 0 (which do not depend on t and on €) and for allt > 1 and all € > 0,

1
/ y[ve(t, )P dy = ——(Crt + C),
Rd 7(t)
() + 1
] [P epray - | |y|272<y>dy\gog 0 +1
Rd Rd 7(t)
which yields
y | lve(t,y)Pdy — y | (y)dy
RA t—o0 R4

ly|? ly|?

uniformly in €.

Proof. For the first equation, following the ideas of [5, Lemma 4.2], we introduce

IE(t) = Ims/

Tty Voslt,y)dy,  I5(t) = / yve(t, )2 dy,
Rd Rd

and we compute

. . 1

Set I5 = 7 I5: we have I~25 = 0 and therefore I5(t) = %(—IT(O) t + I5(0)). Then, computing the two

terms in the right-hand side shows that they do not depend on ¢:

12(0) = IVPullez /R pin() Vin(a)

712

50 = WP [ @) an,
V2 Jra

which leads to the first equality. We now go back to the conservation of energy for .,

2 1 .
SV 7242 /R Nue(t, @) Infuc(t, o) do = 3 1le V (Voin) +iv/Pin Vinll72+ /R pin@)In pin(a) do,

and translate this property into estimates on v,

72 7 —
Ekin+2/y|2|v5|2—57_ Im/vg(t,y)vaa(t,y) dy—l—)\/|v5|2ln\va\2—)\d|]72|]p Int

[|v/Pin | -

+27[]7][ 1 In
Tz

1 .
) =3 le V (Vpin) + i /Pin Véinl |72 + /Rd pin(z) In pip () dv.
Therefore, we obtain

7.-2 2 2 2
> [ o = |2l | <

5:Im/va(t, y)y Voe(t,y) dy‘

_l’_

1 .
5 1EV (VPin) +i VPin Vinllza + /R pin(@) In pin (x) da
_)\/ |v5|2]n|va|2 — 92\ H')/Q”Ll In (Wn“y) ' )

[edlr=

17



In the right hand side, the second group of terms is bounded thanks to the bounds previously found
in (1.13) for the last two terms and the assumptions (1.11) (along with the considerations previously
discussed) for the first two terms of this group. For the bound of the first term, we use ||v:(¢)||72 = ||7|| 12
and the fact that £ Vv, is uniformly bounded in Lg°L2. It follows:

7‘_2
2(75)/|y2‘1;8\2—/\d|h2|],;1 In7(t)| < C(+(t) + 1),

with a constant C' > 0 which does not depend on time and on €. Moreover, the equation satisfied by 7

leads to
7'_2
? = 2)\ ln T,

which gives in the above inequality for all £ > 1

d )+ 1
[ - §in?l | < c TR L

72(t)
The last statement follows from the first two ones, and the fact that the L2-norm is constant. O]
Equation on p,
First, we define
Pe = |U€|27
Je: = Im(e vz Vug).
Then we compute
1 oy
815,05 + TT(t)V : J€ =0 inD. (22)

Moreover, in the same way as in [5], we also obtain

2 52

e
OrJ: + A 2 =—A -
tJde + vﬂs + Y Pe 47—2<t> VIOE 7_2(t)

V - (Re(Vo: @ Vo). (2.3)

Putting (2.2) and (2.3) together leads to
2 2

€ 9 €
PRI Rl

Oi(1? pe) = A Lpe — —
t(T tpE) pE T (t)
where L = A + V - (2y.) is a Fokker-Plank operator.

V- (V- (Re(Vv: ® Vo)) . (2.4)

Change of time variable

Using the same change of time variable as in [5]

s = iln%(t),

we obtain the same kind of equation (using the notation f(t) = f(s(t)) for the change of time variable)

2\ A g2 g2
Oufe — —0upe + —0%p. = Lppe — ——— A%p. + ——
Sps 7._2 sps + 7._2 spE pE 4)\7_2(5) pE + )\712(8)

V- (V- (Re(Vo-@V.))), (2.5)

and the inequality (1.14) becomes

Aw(ig)ﬂwm@ﬁﬂwgo<m. 6
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Limitas s — o

Again, we will use the same strategy as in [5]. Take s,, — ©0. By de la Vallée-Poussin and Dunford-
n—oo

Pettis theorems with the bounds on g, we have a subsequence sg(,,) such that, using the notation f,, for
fn(s) = f(s+ sg(n)),
pvs,n = ﬁs(s + S¢(n)7y) - ﬁio € LOO([_L OO)7L% N LIOgL) in Lfoc([ 17 OO): Lgl/)

for every p € [1, 00). Property (2.6) implies that

2

€ . = — T —2,1 mpd
%%(t)v-(V-(Re(VUE,n®VU€,n))) —2 0, in L(=1,00; WHH(RY)).

Moreover, the L'-bound on j.(s) leads to

£2

ANF2(t)
Passing the equation (2.5) to the weak limit yields

A5, — 0, in LP(—1,00; W HH(RY)).
n—oo

Ospoe = Lige

Thanks to the bounds on g, we know that (see for instance [2, Corollary 2.17]) the solution actually

converges to the usual Gaussian:
Shjgo”ﬁio - ’YQHLI(Rd) =0.
The next step is to show that p, is actually independent of time. Come back to equation (2.2). We
still have some bounds on .J. thanks to (1.13) and (1.14), which are, foreveryt > Oande > 0 :

1
5 LAyl <

/0008 (T(lt)HJE(t)HLl)Q it < .

In terms of s, those inequalities and the equation (2.2) read

=5 L+l <,

[ (2 /u€<s,y|dy) <c

By e + /\T%(‘Z) V.J. =0 2.7)
Then, the second inequality implies 5
TJe 2,
which yields .
EV Jem —> 0 in L je(—1, 00, WTHY),
hence
0% =0, (2.8)
which was needed. So 5 (s) = 7% for all s € (—1,00). The limit being unique, we do not need any
extraction:
p(-+s) = +* inLl ([-1,00),L,) (2.9)

§—00

for every p € [1, 00).
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Punctual limit

The previous result shows that the weak limit v2 of j-(. + s) in LL

loc

([-1,00), Ly) for every p € [1,00)
does not depend on time. Therefore, we can hope a weak punctual convergence, i.e. that p.(s) converges
weakly in L?IJ as s — 0o to 2. Such a result may only be true if the oscillation in time of /. are not
too strong, but this should actually be the case thanks to (2.7) since % .J. has some integrability property:
%jja € LEL}J. Furthermore, the change of time variable has the following properties:

1
s(t) 1 Inlnt T 00

Therefore, if we prove such a weak convergence for the time variable s, it will also prove the punctual
convergence for the time variable .

First of all, come back to the equation (2.7). Take b < a < 0, ¢ € C*(RY) and 0,, € W1>(R)
satisfying

0<6,<1, supp 6, C [0, 2] On(s) — Lo 5(s) forall s € R\ {a,b},

0, — 0,—06  in M(R).

n—oo

The equation (2.2) reads:

< / o _i 3) . . ) \
JL oo rduds = =5 [ TET ) V() 0u(s) dyds.

The right-hand side converges as n — oo thanks to dominated convergence:

P50 VO 0a(s) =3 (s, Vo) Lap(s)  foralls € R\ {a )y € Y.
250 Vo) 09| < 90l lm T o) Toan(s)  foralls € R\ a8}y € R
with 23] JL| (s, ) Ljo 25 (5) € L'(RY x R?). Therefore,

//Mde . 3 J=(5,9) Vo (y) On =

For the left-hand side, we get

/ /R + g P ) 00) O (5) s = /O b < /R el ) 9(0) dy) 0 (5)ds.

and since p. € C(Rf, L'(R?)), we know that

S

(s,y) Vo(y) dyds.

RdTS

/d pe(s,y) ¢(y) dy is continuous in s. (2.10)
R

Therefore, we also get convergence for this term thanks to the convergence of ),

/ /R;xw pe(,9) 6(y) O (s) dyds OOO ( /R L Pe(s:9) 9(y) dy) d(6q — &)
= [ panowas— [ 5.0 000 iy
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Thus, we get:

/Rdﬁs(b,y) ¢(y)dy—/Rdﬁ€(a Y) / /R”z Vo(y) dyds. .11)

Now, in the same way as previously, we have a sequence (s ), such that s, — oo and p5_, €
n—o0 ’
L' (R%) such that . (s,) = Pepin L'(R%). Take again ¢ € W1>°(R?), and ¢ € C°((0,1)) such
that ¢ > 0 and [ (s)ds = 1. Then

/Rdﬁa(smy)qﬁ(y)dy:/R pe(sn,y / d(y) ¥ (s) ds dy.

Therefore
1
/Rd pVE(Snay) ¢(y) dy_/o /Rd ,(V)E(S—an’y) ¢(y) @Z}(S)dyds
1
= /0 /Rd(ps(snyy) _ﬁ6(5n+5’y))¢(y)¢(s) dyds
1
— /0 (/Rd(ﬁe(smy) — Pe(sn +5,9)) 6(y) dy> ¥(s) ds.

But then, thanks to (2.11), for every s € (0, 1),

Sn+s ks .
[ et = el s ety = =5 [T [ T80 Vi) dyar
which yields

r)
r)

,7‘.

[ tsn = tou o] <5 [ [

| e\ (r, ) [V 6| dydr.

(
(

Therefore, we get

pg(sn, y) &( dy—/ / (S + Sn,y) &(y) Y(s) dyds

3n+7’
SA/ // |Jl<sn+ry>\|V¢||Loodydrds
RdT
\V4 oo .
< IVolle= ¢HL // (s +T‘Ja‘(8n+w)dydr
R

dTSn+7’

= A </0 )\%(Sn_i_r)/Rd‘Ja‘(Sn‘i‘T,y)dy dr

sn+1 ¥ 5 2 %
< |IVé||z~ ( / @fi) /R du5|(s,y>dy) d5> p—
7(s)

since Z 5y J € L2L}. But then, thanks to the weak convergence of /., we know that

/Rd Pe(sn,y) DY) dy — | Preo(y) ¢(y) dy,

n—oo R4
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and, since ¢(y) 1(s) € L?(—1, 00; L>°(R?)) with support in time in (0, 1),

/01 /Rd Pe(s + sn,y) @(y) P(s) dyds njo/ /Rd W(s) dyds = /Rd V() $(y) d.

Thus, for all ¢ € WH°(R?),

l/ p;p@n¢@ody=1/ +2(y) b(y) dy.
R R4

This yields /5%, , = 7* and hence, the limit being unique,

pe(s) — 72, inLl(Rd).

§—00

This limit can then be rewritten in terms of ¢:

pe(t) = ~4*,  inL'(RY).

t—o0
This ends the proof of Theorem 1.4. U

Remark 2.3. We see that those uniform estimations and convergence for the quadratic quantities still hold

for more general initial data u, ;,,. The assumption we need is actually

€ [|Vuein|lr2 + [|te il 2 + / |u€,m|2 ‘ln ‘us,inﬂ + [|ueinlyll|2 < C, (2.12)

for some constant C' independent of €. The convergence to the Gaussian is true for any € > 0 and any
Ue in, but to have some kind of "uniformity" in such a convergence, we should also need the assumption
(2.12).

2.2 Wigner Transform and Wigner Measure

2.2.1 Definition and general properties

The Wigner Transform and the Wigner Measure are very useful tools allowing to make the mathematical
link between Quantum Mechanics and Classic Mechanics in physics, more known as the semi-classical
limit. They have already been studied a lot, initially by P.L.. Lions and T. Paul. We will recall its definition
and some properties which are significant for us, and we will refer to [12, 3, 11, 10] for more precision.

First, we recall its definition already given in (1.7).

Definition 2.1. The Wigner Transform of a sequence u. € L?>(R?) for ¢ > 0 is defined by

Welo6) = g [ (04 5 ) we (0= 5) do = File.),
where

pe(x,2) = ue (:B + E—) Ug (x — —) (2.13)

If u. € L%*(R?), then for every z € RY, g is in L!. Therefore the Wigner Transform W, is

well-defined. A first interesting property easily comes:
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Proposition 2.1. The Wigner Transform Wy is real-valued.

This shows that the Wigner Transform may act in some sense like a density, if we get some non-

negativity. Such non-negativity may come from the fact that p.(x,0) = |u-(x)|> > 0, a property that

must be taken into account when € — 0 when we look at the definition of the Wigner Transform. Before
trying to translate such formal properties, we get some integrability and regularity results for the Wigner

Transform.
Lemma 2.3. For u. € L?(RY), for every ¢ > 0, recall the definition of p. given in (2.13). It verifies
7. € LR x RY) 1 Co(RY, L' (RY)) N Co(RE, LA (RY)),

Therefore, the inverse Fourier Transform in x of the Wigner Transform W is well-defined and is given by

(B W66 = <2€”>du (E-5) - (+5):

where ti. = Fu. € L*(R?) is the Fourier Transform of u..

Thus the Wigner Transform W, of u. verifies
W. € L*(R? x RY) NCo(RY, FL'(RY)) N Co(RE, FL' (RY)).

Formally, for u. € L?>(R?) and W its Wigner Transform, one may have
/R [ We(w,§)dg = /]R [ Fepe(@,€) dE = FH (Fope(,€)) (0) = pe(w,0) = fus(@)?, (2.14)

and in the same way, for example, if u. € H 2

2
/ IE[2 W (2, €) de = % (2 Ve (2)[2 — Aue(z) ue(@) — e () Aua@)) , (2.15)
]Rd

and thus

// €2 Wa (2, €) dede = 2 / Ve (@)|? da, (2.16)
R xR Rd

which may also be true if u. € H'. However, we don’t have any result of integrability in ¢ for W, in
general. A convolution with some good kernel may fix this problem, in order to get such properties. The
first idea is to get a Gaussian kernel. In order to get the same convergence when ¢ — 0 as Wy, we would
like such kernels to be mollifiers and approximate identity when £ — 0. For this purpose, we define the

Gaussian with ¢ variance by

1=~ (1),

(we)5 E

Ge(x,8) = Y= () 7 (8)-
This leads to the definition of the Husimi Transform.
Definition 2.2. The Husimi Transform of a sequence of functions u, € L? (]Rd) for e > 0 is defined by
WEH =W, * Ge = We x4 Ve *¢ Ve
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This tool fixes the problem of integrability, but it also takes into account the question of non-negativity

previously asked.

Lemma 2.4. For every u. € L?(R%), ¢ > 0, its Husimi Transform WX is non-negative and has the

following properties of integration and regularity:
WH e Wl (R x RY) N C®(RY, WL (RE)) NC™(RE, W (RE)).

Thanks to the non-negativity of the Husimi Transform and its high regularity, we can then face the

problem of the formal estimates (2.14)-(2.16) in terms of the Husimi Transform.

Lemma 2.5. For every u. € L2 (Rd), € > 0, and its Husimi Transform WEH , there holds:

FeW!(2,2) = 7 (Pl —2) #7:)(a) © s
= o= xp| —— .
f £ I (27T)d p?f bl 76 p 4
This equality is very useful to actually compute some integrals in £ involving the Husimi Transform.

Proposition 2.2. Take u. € L?(R%), ¢ > 0 and denote its Husimi Transform WX For every x € R,
there holds:

1.
/ W (2, ) de = Jucl? % e (2), @.17)
Rd

and

// (x,&) dédx = HUEHLQ (2.18)
RdXRd
2. ifu. € HY(R?),
2 11 H 2 2 e 2 ed, o
/Rd ‘5’ W ($a€> d§ = ¢ ’VUE‘ *76($) - Z ’us’ * AVs(x) + ?’uel *7€(x)7 (2.19)

and
ed
// €2 W (,€) dede = || Ve 72 + 5 [ue|Z- (2.20)
R4 xRd

In a more general way,

g2 €054
/ & W (2,8) dE = 2 Re (6 ue 0j us) * Ve (1) — T |ue|? * 0;0;7e(x) + TJ\UE\Q * e (),

and
/ / 6 W (2,6) deda = g2 / Re (8ue Dyuz) dz + £0ij Juel[2,.
RdxR Rd 2
3. ifu. € HY(RY),
/ EWH(z,6)de = eIm(Vu. T) * e (), (2.21)
Rd
and therefore
/ / EWH (z,€) dedz = / e Im(Vu, @g) da. (2.22)
RIxRd Rd
4. ifu. € F(HY),
2 i H 2 ed 2
J[, P Wi, dude = foucla + 55 el (2.23)
R4 xRd 2
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The first part of this proposition can be found in [12], whereas the other parts (which are based on the
same idea with some extra calculus) will be done in Appendix A.

Thanks to those estimations, we see that if (u. ). is bounded in L?(R%), then (W), is a sequence of
non-negative functions bounded in L' (R¢). On the other hand, bounds on (W ). are less obvious. A way

to get some consists in defining this space of test functions.
A= {0 € ColRS x BY), (Feo)(x, =) € L' (R, Co(R) |
endowed with the norm

1614 = |l Fedll 1o

which makes it a Banach space and algebra.
Proposition 2.3. If (u.). is bounded in L?(R?) then W is bounded in A'.

Then, if (u.). is bounded in L?(R?), up to extracting a subsequence, we can suppose that W. — W
in A’ (endowed with the weak-* topology) but also WX — W in M(R? x R?) thanks to the L' bound
on W and the fact that those functions are non-negative.

Then, we would like such limits to have some similar properties as we calculated before, for example
(2.17) and (2.18). In some way, we do not want to have loss of mass at infinity or due to oscillatory

behaviour. This motivates the following definitions.

Definition 2.3. A sequence (u.). in L*>(R?) is said to be:

-oscillatory i ie(*d¢ — 0.
e c-0sci aorylfsgpﬁﬂzgwa(f)‘ SRHJFOO

. L. 2
e compact at infinity lfsgp f\r\ZR |ue(x)]? da T 0.

Remark 2.4. Note that the condition

3s > 0 such that £° D*u is uniformly bounded in L7,

(where D*f = F~L(|¢|* Ff)) is sufficient for being e-oscillatory.

In the same way, the condition

dg € {f :RT =R f(t) — —1—00} such that g(|z|)u. is uniformly bounded in L?(R?)

t—+o00
is sufficient for being compact at infinity.

We can now state the main theorem that we will use. This theorem relates some formal properties on
We (like (2.17)), the Husimi transform (which should converge as € — 0 to the same limit as W, in view
of its definition) and the final limit.

Theorem 2.2 ([12, Theorem IIL.1.]). 1. W = W € M(R? x R?).

2. If luc(z)|? (resp. ‘u} (g) (27e)?) weakly converges in measure to a non-negative measure [i,

(resp. fig), then p(z) > f]Rd W (x,d§) (resp. pe(§) > fRd W (dz,§)).

For (i, the inequality is an equality iff (u.) is e-oscillatory.

‘ 2
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3. We have the equality
// W(dz,df) = 1i1rn/|u5(33)|2 dx
R4 x R4 e—0

if and only if (u.) is e-oscillatory and compact at infinity.

Thanks to the first part of this theorem, we see that W is actually a (non-negative) measure, following

the intuition we had previously. We call W a Wigner Measure.

Remark 2.5. There is in general no reason for W to be unique. This is why we call W a Wigner Measure
and not the Wigner Measure. However, in some case, it can be proven that it is unique and in such cases

we can call it the Wigner Measure of the sequence.

Remark 2.6. ¢ is only the parameter defining the sequence (u.), so its appearance in the definition of
the Wigner Transform (and then in the Husimi Transform) is purely arbitrary. Actually, in order to have
good results, which means non-trivial measure, € should actually be of the same order as the characteristic

oscillatory length, as the fact of being e-oscillatory predicts it.

- Pim (x)
Example 2.1 (WKB State). Ifu. = f(x) &P here f € L2(RY) and ¢y, € T/Vlicl (RY), then:

e . converges to | f(x)|? e VP (®)% jn S'(RY x R?).
o the Wigner transform converges to W = | f(z)[*dx @ d¢_v 4, ()-

Remark 2.7. This example motivates us in the sense that our intuition (and the properties that we got)
leads us to think that the solution to (1.3) may be described very formally as u.(t,x) = a-(t,z) €’ =,

and some convergence for a. and ¢. for e — 0 would yield a mono-kinetic Wigner measure.

In order to be able to apply a semi-classical limit, we should now introduce some dependence in time.
For this purpose, we take u. = u.(t,z) € Cy([0,T), L?(R?)) a sequence of function depending on time,
and we define its Wigner transform W_(t) by the Wigner transform of u.(t) for every t.

Proposition 2.4. Take u. = u.(t,z) € Cp([0,T), L2(R%)) (T € (0,00]) such that there exists a real-
valued potential V. € L>®([0,T), F(LP)(R%)) for some p € [1,00) such that

2
1€0iue + %Aug = V.u, inD.

Then W¢ verifies
8tW€ + § ' vxwa + Ks *¢ WE = 0;
where

' ey Vet + %) = Vo (to — %
KE(t’x7£):(21)d/ efzg-y €(7$+ 2)8 5(’$ 2)dy
s Rd

Remark 2.8. The hypothesis V. € L>([0,T), F(LP(R%))) is not the sharpest one, and it can be weak-
ened (see for instance [12, Proposition II.1.]). The only issue that we have to face regarding this
result is to have K. well-defined in some sense (for example, in L>°([0,T),C(RY, LP (Rg))), or in

L>=([0,T),C(RY, H—P (Rg))) in [12]), with also the convolution K. *¢ W, which needs to be well-
defined (for instance in S').

Remark 2.9. Note that V; may depend on wu, itself without having any problem.
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Formally, we see that K. should converge (in some sense) to
Ko =i VVo(z) - Fly) = =VVo(x) - Vo (E)-
Many results are going in this direction, for example:

Proposition 2.5. If (u. = u.(t,z))es0 is a sequence bounded in C([0,T), L*(R%)) (T € (0, 00]) uni-
formly in e and Vo € C([0,T), L2(R?) N CH(RY)) is a real-valued potential satisfying (1.8):

2
ieOpue + %Aug = Vou, inD,

then, up to a subsequence, the Wigner Transform W of (u:). converges uniformly on every compact of
[0,T)in Al,_, to W € Cp([0,T'), My_s) which verifies

oW +&-V, WV, V- VW =0.
Remark 2.10. Again, the hypothesis on Vy can be weakened (see for instance [12, Théoréme IV.1. and Re-
marque IV.2.]).
We see that the previous result is made in the linear case, but it also works on some non-linear case:
Proposition 2.6. Take Vy € C*(R?) such that Vo > C > —oo, VVy € Cy(RY). If (ue = uc(t,z))e is a

sequence uniformly bounded in ¢ in C([0,T), L?(RY)) which verifies

2
1e0iue + %Au8 = V.ue inD,

Ve = Vo * |uel?,

then, up to a subsequence, the Wigner Transform Wy of (uc)e converges uniformly on every compact of

[0,T)in Al,_, to W € Cp([0,T), My—+) which verifies

OW +&-V, WV, V- -VIW =0, (2.24)

V=Vhsop, mezéﬂﬁwdﬂ (2.25)

Remark 2.11. Such result works with some other hypothesis on Vj, for example [12, Théoreme IV.2.].

Remark 2.12. We gave some results about the weak convergence of the Wigner Transform. Under some
stronger hypothesis on the potential of the Schrédinger equation for the linear case, A. Athanassoulis and
T. Paul have shown some strong convergence results ([3]). However, there are also some cases where we

know that there is no convergence

Those results are rather positive for our point of view. They show that we could have a link between
Logarithmic Schrodinger Equation and Logarithmic Vlasov Equation thanks to the Wigner Transform
and its limit when € — 0. However, this link is still formal, and the proof to make it rigorous must be
difficult because of the very little regularity of our potential In |u.|?, which depends on the solution wu,

(more exactly on |u.|?) and may have no meaning in L.
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2.2.2 Wigner Measure of a Non-Linear Schrédinger Equation with logarithmic
non-linearity

We are now interested in the limit of the Wigner Transform of (u.).>0, where u. is the solution in
; d’in("‘”)
L®(RY, F(HY) N HY) NC(RY, L2 N HY) of (1.3) with ue s, = \/pin(z) €' = -

2
. € ; Pin(2)
1€ Opue + ) Au, = \u In |u€|2, ue(0,2) = Ue i =/ pin(T) ' =,

where A > 0, and p;;, > 0 and ¢;,, are given functions satisfying (1.11):
v Pin € f(Hl) N Hl(Rd> \ {O} ) ¢m € I/Vlz)cl (Rd) V Pin V¢2n € L2 (Rd)>
so that u. ;, € F(H') N H! for all ¢ > 0. Recall the definition of v, made in (1.12)

1 [0 () ||
ug(t,x): H plnHL2 5<t7 z )GZTt 2e

|
~0f Ihll

)

7(t)

In this section, we denote by W (resp. Wg) the Wigner Transform of u. (resp. v:). Foremost, we see

that (1.18) and (1.19) are a straightforward consequence of Example 2.1.

Link between the two Wigner Transforms

We first prove the relation (1.20) between the two Wigner Transform.
W(txg)—lfeiyfu (tx+§ )u (tx—f >d
SRS Rad] - (27[')d £ ) 2 y 3 ) 2 y y
15 € + z—5 — |z 2
_ ||pi;”L1 1 . /eiy-£v6 (t, 2 > ( — zy> ‘ “) 2= 5 vl 25' +54] dy
2l (2m 7 (1)) 7(t) 7(t)
lpinllpr 1 / iye-itB oy, ( % ) < z— gy>
= e T(t> t, dy
1721l (2 (1)) - 7(t)

Hp’mHLl 1 / (t)z£1 Ty, x 15
= &0 t,— + = t,—~—-z)d
72l @ni ) © ve ’r<t>+2z e 2°)"

_ lpinller <t, — ()€ — 7 (t) x> .

72l 7(t)

8

This link between W, and . is independent of ¢, therefore we must have the same link when passing to

the limit ¢ — 0.

Passing the Wigner Transforms to the limit

Following the ideas of [12, Theorem IV.1.] and [10, Proposition 3.5.], we would like to have for WE
(up to extracting a subsequence) a uniform convergence on every compact of [0, 00) in A/ _, to a limit
W € Cy([0,00), M) thanks to Ascoli’s theorem. But we cannot prove the equicontinuity of (a, W) for
every a € A in the same way due to the very little regularity of the "potential" V. = In |u.|?. However,
we still have uniform (both in time and €) bounds of W, () in A’ and of W (t) in L' (R? x R?). Such a

property will allow us to have some weak convergence up to a subsequence, as stated in the next lemma:
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Lemma 2.6. Under the assumptions of Theorem 1.5, there exists two (non-negative) finite measures W
and W in L*®((0,00), M(R% x R%)) such that, up to a subsequence, for every p € (1,00)

We o W in I ((0,00), ),

W. o W in LZC((O, ), A,
W W in L] (0, 00), M(R?),
W W in L, ((0,00), M(ED),

n—o0

Proof. We will focus on V~V5 since the same argument will work for W-.

As previously said, 1. and W are bounded respectively in L>((0, c0), A’) and in L>((0, 00), L' (R%x
R%)). Therefore, for every T > 0, we can extract a subsequence 5{ such that We{ (resp. W;%) weakly
converges in LP(0,T; A!,_,) (resp. LP(0,T; M)) for any p € [1,00) to a limit W7 e L>(0,T; A')
(resp. W}g € L*>(0,T; M)).

Following the idea of Theorem 2.2, we should be able to prove that W7 = WE € L>(0,T; M(RY x
R%)). As we have

1 _jePrie?
(meyi® "
it is enough to prove that, for example, for any ¢ € L?(0,T;.A) (or in a dense subspace of this space),
¢ * G converges in L?(0,T; A) to ¢. Knowing that

WH =W, « Ge, where G, =

£

2
=]

Fe(op*Ge)(t,x,2) = []:gqﬁ(t,x,z) g 1 de‘f] e,

we see that for a.e. t € (0,7,

16(t) * Ge — d(B)||4 < /

R

Fed(t) = Feo(t) *o e

sup
d x

[C1ISW

Z2
+/ (1— e~ ) sup | Feo(t)] de.
R4 T

Again for a.e. t € (0,7), the second term goes to 0 when £ goes to 0, and so does the first term if
o(t) € S(R? x RY) and so Feop(t) € S(RY x RY). Moreover,

R PCH RN
[ Fe(¢* Ge)()l|pire = [fffb(t) ¥ ——ge < |e 1
(71'5)2 ] L1L%e
1 =2 _lz?
< ||| Fed(t) *2 7€ ° et
(me)2 Loo I

<1 Fedp®)llrrre = llo(®)]la,

which yields
o) * G = d(t)la < ||)(t) % Gella + [|D(t)]La < 2|p()]].4-

Then, for ¢ € C°((0,T) x R? x R?) for example, dominated convergence theorem shows that
g 2
[ 6t 6. — oto] 2t — 0
0 e—0
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which is what we wanted. Therefore, W7 = W}g Using a diagonal extraction, we then have a
limit W € L((0,00), A’ 1 M(R? x R%)) such that (up to a subsequence) W, converges to W in
Lfoc((()? 00)7“42.0—*) D

Remark 2.13. The previous proof is actually a simple re-writing of the proof of the first part of Theorem

2.2 which is found in [12], with in addition the time-dependence.

Now that we have a limit, the relation (1.20) passes to the limit:

lewlle (e rra
Wn. ) = AW (1 r0e - #02).

Lemma 2.7. With the same notation as the previous Lemma and for the same subsequence in € as for the

convergence of W., there holds

ve|2 — W(t,y,dn)=p  inLE ((0,00), L'(R?)) (2.26)
e—0 R4
forevery p € [1,00), and
p € L°((0,00), LN Llog L) N C([0,00), W1 N LL). (2.27)

Proof. The previous property (1.13) shows that (v, ) is e-oscillatory uniformly on every compact [0, 7] in
time, but also compact at infinity uniformly in time. Moreover, along with the de la Vallée-Poussin and
Dunford-Pettis theorems, those properties also yield that for every 1" > 0, up to a further subsequence
(depending on 7)), p. = |v.|? converges to a limit 57 € L>((0,T), L} N Llog L) for the weak topology
o (L'((0,T) x R%), L°°((0,T) x R%)). Then

oo = p" i LP([0,7), L)

for every p € [1, 00). Using again a diagonal extraction, we obtain a limit 5 € L>((0, o), L3 N Llog L)

such that |v€|2 —, pin Ly ([0,00), Ly) for every p € [1,00).

loc
Then, in the same way as before, the second part of Theorem 2.2 can be generalized by adding

time-dependence. Therefore, we have the following properties for a.e. ¢, y:

/ W (t,y.dn) = p(t,y),

// W (t,dy, dn) —hm/ ve (£, 9) 2 de—HW”L?
R4xRd

The first equation shows that p is totally determined by W, so there’s no need of further extraction to
make |v.|> weakly convergent: as soon as (We, ), weakly converges to W, |v., |? weakly converges to .

It remains to prove that 5 € C([0,00), W11 N L1). Come back to the equation for 9;p. in (2.2)
where p. = |v|%:

1 .
8“05 + TT(t)V : Jg =0 m D/,

where we recall J. = Im(e7:Vv.). We also recall that = .J. is bounded in L>((0, 00), L*(R?))

(@)
uniformly in € > 0. Therefore, p. is bounded in W1>°((0, 0o), W11 (R%)) uniformly in £ > 0. Such a
bound leads to the estimation

Hpg(t() + ) — pEHL;’OWy_l’l < C|t0’ for all ty > 0.
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This estimate passes to the weak limit, and therefore we get
0 J—=p 11 < > 0.
l|p(to +.) ,o||L?oWy 1,1 < Clto forall tg > 0

Such an estimate leads to 5 € C(R*, W11 (R9)), and along with (1.13), we infer that 5 € C(R*, L. (R%)).
O

Remark 2.14. This proves (1.21) and (1.22). The same kind of properties as (2.26) and (2.27) hold for W.

Second momentum of the Wigner Measure

We now use the bounds uniform in € found in (1.13) and (1.14) to obtain some momentum for the Wigner

measure, using also Property 2.2. For example, for the second momentum in &, we have:

- ed
I[P ) dydn < 29001 + 5 o]
Rd xR

p
loc

We know that W weakly converges to W in L” ([0, 00), M) for every p € [1, 00), therefore we get

//]Rd iy In|? W (t, dy, dn) < CT%(t) for a.e. t,
X

/0°° :((tt))f3 //Rded [n|* W(t, dy, dn) dt < C.

In the same way, we also have some bounds for the second moment in y of W uniformly in € and ¢ by

using equality (2.23):
// ly? W (t,dy,dn) < C  forae.t.
R x R4

Convergence of some quantities

Proposition 2.7. Under the assumptions of Theorem 1.5, there holds

/ <1> plty)dy — <1>72<y>dy.
Rd \ Y =0 JRd \Y

Proof. The first convergence is obvious, as it is constant. For the second convergence, using Lemma 2.2

and its notations, we get

I5(t) = T(lt)(clt +Cy).

Moreover, thanks to the bounds (1.13) and in particular the fact that |y| v. is bounded in L? uniformly in ¢
and ¢, we also know that I5 () = Jray p(t,y) dy =: Ir(t). Therefore,
e—

1

B(t) = =5 (=110) +110) = 0= [ u7()dy
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Equation on /

Recall the definition of p. and J

pE = ’vé"Qa

J. = Im(e 0z V),

with p. weakly converging to /5 and J. bounded in L' locally uniformly in time, uniformly in &, thanks to
the properties (1.13). Then we also recall the three equations found in (2.2)-(2.4),

1
8tp5 + T(t)v . Jg = 0,
g2 g2 S o
ath + )\ Vpg + 2)\yp€ = mAVp — TT(t)V . (Re(vvg ® V'L)g)) mn D 5
2 2
2 ~ ~ 3 2 € _
(17 0pe) = A (Bpe +2V - (ype)) — mﬁ pe + TT(t)v (V- (Re(Vve @ Ve))) .

In the last equation, the weak convergence of p. yields the weak convergence of the left-hand side and of
the first term of the right-hand side. Moreover, the third term of the right-hand side goes to zero in W %1,
Then, thanks to (1.13), the boundedness of |y|?p. in L! norm leads to the weak convergence of y p. to
y p. It only remains the convergence of the last term of the right-hand side. The only bounds we have on
this term are due to the same property (1.13) and the following one (1.14):

2

726 3 Re(Vo:(t) © Ve (0) I 726 o IVoe(t)|2. < C foreveryt > Oande > 0,
/OOT'“)/ Re(Ven(t) © o) dydi < ©
o T Jpa|T2) T T A=

Therefore, up to a subsequence, Tg—z’t) Re(Vu:(t) ® Vu(t)) weakly converges as a measure in every
[0,7] x RI(T>0)toav € L>((0,00), Mg(Ms(R9))) (where M, designed signed measure) which
verifies

/OOO :Eg lv|(t,RY) dt < C < . (2.28)

Therefore, we obtain Tg—‘f’t)v - (V- (Re(Vv: @ Vure))) = V - (V -v) in the sense that for every
e—
# € Ce((0,00); C2(RY)),

62 2

(¥ (v Re(Vo: ©Vu)) 0) = (5 (Re(Ve: © V). VO Vo)

2(t) ty  \T3(t) Y

where the last matrix scalar product must be interpreted term by term: (A, B) = ) a;;b;;, and so
Y]

<T§(t)v (V- (Re(Vov: @ Vve))), ¢>t7y — (V@ Ve, = (V- V1,0

Thus
Ot 0ip) = ANLp+V - (V-v), (2.29)

where we recall L = A + V - (2y.) is the same Fokker-Plank operator as previously.
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In order to reproduce the same proof as previously, we want a similar equation as (2.2). The first term

still converges, and the fact that J. has some good bounds is helpful. Recalling such bounds,

L
7(t)
1

IJ t,y)llyldy < C,

{Aig((memfaga

the first two inequalities imply that ( ) Je is a tight sequence uniformly in € and time. Therefore, up to

1@l < C,

a further subsequence (in ¢), WJg narrowly converges in measure in [0, 7] X x R? for every T > 0 to a
limit 2 € L>([0, 00), Ms(R?)4) with also for every t > 0

[ e < 230)
/ —)| |(t, R)2 dt < C, (2.31)
o T(t)
and the weak limit of equation (2.2)
Op + @ )V w=0. (2.32)

ACTUALLY, i IS CONTINUOUS IN TIME THANKS TO (2.4) IN S VARIABLE AND (2.30),

End of the proof

Using the 5 equations and estimates (2.28)-(2.32), the proof is then similar to the previous proof presented
in Section 2.1.2. Indeed, the same considerations hold, except that we need to take bounded continuous
functions instead of L>° (or Cj' when we talked about W™ for n € N) because 2( ) Re(Vv: ® V)
and (lt)J both L>((0, c0), L'(R?)), are replaced respectively by v € L>((0, 00), My(M(R?))) and
p € L=((0,00), Mg(R?)?), and thus (u(t), ¢),, (for example) has a meaning for a.e. t > 0if ¢ € Cp(R?)
instead of L>°(IR%). However, the estimations are totally similar and the proof holds once we have made
this little modification.

For example, using the two same notations as in the previous proof, we have V - (V - ,) — 0 in the
sense that for every ¢ € CZ([—1,00) x R9)

(o)) = | /[1,00>de D2 di,

()0l < WDl [ o
1,00) xR4
<%l [ e
54>(n) 1,00 XRd n—oo
thanks to (2.28) transformed in a property in s.

Remark 2.15. We insist on the fact that we can consider p(t) for all t > 0 (and not only a.e.) thanks to
the property 5 € C(R™, L} ). We also remark that the condition (2.10) still holds thanks to this property,

which makes the proof hold in the same way.
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Remark 2.16. In some way, this theorem shows that the weak convergence of p. = |v.|? to 42 is uniform
ine € (0, 1], since we have the same convergence for ¢ = 0. This uniformity might be quantified, for
example in some Wasserstein distance, but we will not do it in this survey. It will probably be the subject

of a further work.

Remark 2.17. Thanks to the equality (2.21), we see that the limit x of %je is actually

1 -
p= T(t)/Ran(t,y,dn)-

The same consideration would have worked for v with "v = T%(t) Jran ®n W (t,y,dn)" if we had a

bound for a higher momentum in 7 for example.
2.3 Vlasov Equation with Logarithmic Non-Linearity
We recall the Vlasov Equation with Logarithmic Non-Linearity (1.1):
Oif +&-Vaof =AVe(Inp) - Vef =0,
where A > 0 and
plt.a) = [ fit..dc).

A solution f = f(¢,x, &) of such a Vlasov equation is a non-negative measure in = and ¢ for every t.
We explain first, in a very formal way, how we end up with the assumptions (1.30)-(1.35). Recall the
first two assumptions (1.30) and (1.31):

([t

d /1 9 _
i (5 [t s x [ pte.opmpteaar) o

The first equality comes from the fact that this type of Vlasov equation is a transport equation with
null-divergence transport. The second equality is a well-known property of energy, since the potential
in this case is In p. Therefore, if we want such properties, we will need all the terms to be well-defined,
especially in (1.31), for every ¢, and thus also for the initial data, even in the case where f = f(¢,x,§) is
only a measure in x and £ for every . The term pIn p is the most interesting, as it cannot be generalized
to the case where p is a measure. Therefore, we need p(t, z) to be defined z-a.e. for every ¢, and then
p(t) € L'(R?) with (1.30). Moreover, in the same way as previously, we also have some other (formal)

properties, for example for p:
it )+ V.- ([ esttnae)) o
or also for [, € f(t,z, d):
o [ €5+ Ve [ €0¢f(tadd) +ATupltr) =0
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These two equations yield for example

ft( /I dedx-ﬁf(@dmdé)) =[], redndg e [ oy

and thus we also want those terms to be well-defined. Such remarks lead us to define:

MSig = {u € M(R? x RY). p(x) = /R () € RY N L log L |<Rd>} ,

13

Mo ={ne MEExRY, [[ (o 1P < o0}
R xR
Remark 2.18. V,(In p(t)) is actually weakly defined p(t)-a.e.: indeed, for every ¢ € W1 (R9),

[ Vatnp)t.)odptt) = = [ olt,x) Vo) dz =~ [ Todp(r).

In the same way, the term V. (In p) - V¢ f is weakly well-defined as soon as p(t) € W1 because for
every ¢ € L=(RY, leoo(Rg))

(Ve (lnp)(t2) - Vef (4:2,€), 6. )e) = (Vallnp)(t:2) £ (t2,), Vel D)t
— (Valtnp)(t,2), (F(t,2.€), Ved(z, ) )

)
x

with the last term well-defined because:

I Ve t0) 560.8) - Veolo )] dode < [ Valinp)eo)] [ 1700.:9) Veol.)] deda
Rd x R4 Rg

R¢

T

< [ Watmp)a) | J(6.9) Vel des

< / IVl p)(t,2)| plt, 2) |V edl oo d
Rd

x

< /Rd [Vaep(t, z)] ||Ved|| oo dz < 00.

Such remarks might help in order to find a real formalization of the equation, but this is not our goal

here.

2.3.1 "Gaussian-Gaussian" Case in dimension 1

The "Gaussian-Gaussian" case is very interesting because the solutions can actually be computed explicitly.
It is also helpful to understand the behaviour of the solution, and to see that the dispersion rate is the same

in this case as the previous one in tv/Int.
Proposition 2.8. 1. Forcip, co0 >0, c1,1,Bo, B1 € R, set

C =c10c20, (2.33)
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and consider c¢; € C*°(R™) solution to

L2\ (P
Ccl = — + 3
aa 2.34)
c1(0) = c10, @
¢1(0) =c11
Then set
C
ca(t) = a0 (2.35)
b1 (t) = Bit + By, (2.36)
bQ(t, IL‘) = Zig; (l‘ — B1 t— BU) + Bl. (2.37)
Therefore
_ [z =) 1€ =bat, )
f(t,z, &) = m exp [— (1) — (1)’ ] (2.38)

satisfies (1.1).
2. Let T € (0,00) U {4}, b = bi(t) € CH[0,T),R), 1 = c1(t) € C[0,T),(0,0)) €,
by = bo(t,z) € CH([0,T) x R,R) and cy = ca(t,x) € C1([0,T) x R, (0, 00)) such that
L [ h®P b a)P
rat) eats) T a)? ea(t, )2
is a solution of (1.1). Then co = c2(t), all the functions are C? and (2.33)-(2.37) hold.

f(t7x7€) =

(2.39)

The proof of this Proposition actually needs a lot of computations. This will be done in Appendix C.

Remark 2.19. This property may also handle the case when co o = 0, which is actually the monokinetic

case where we have a Dirac in &:

fm(«T,f) =

1
ﬁCLO
where bo o(z) is affine. Then the previous proposition shows that f is a Dirac in ¢ for all time (if we only
consider Gaussian solutions), as ¢;(t) c2(t) = ¢1(0) c2(0) = 0 with ¢;(¢) # 0 Vt. This is similar to [7].

Remark 2.20. The behaviour of ¢; has already been studied in [7]:
ca(t) ~ 2tvAlnt.
t—o00

We see that this is the same dispersion rate as in [7] or [5], which is good news. It allows us to get some

convergence, as stated in the following corollary.

Corollary 2.2. With the notations and assumptions of Proposition 2.8, if we rescale to f = f (t,y,n) like

previously
|lpinllzr - z :
ft,(lf,f: % t,i,th—Tt(L' )
A e AT AR
and define
p(t,y) :=/ f(t,y,m) dn,
R4
there holds

plt,.) — 42 in L'(R).

t—o00
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2.3.2 General Case
Change of variables

Recall the change of variables (1.36) and write it in terms of f and p

X

(1)
2
= Fon) =58 (vt T+ #(0n).

fae) = fQ,

IRIEEITA

706~ #0)2)

2
ptyy = N o ooy 7oy,

Equation on f

The Vlasov equation (1.1) can then be expressed in terms of the previous change of variables. Computation

yields:

Of — A2y + Y, (Inp)] - Vo f + #vyf:o.

Energy estimates

We define the relative entropy, the (modified) kinetic energy and the total modified energy by:

Eenlt) = [t (P52 )y = [ pte.0) (e + 1oP)
Eun(®) 1= g [ PRy ),
g(t) = 5kzn(t) + )‘gent(t)-

Then we easily compute thanks to assumptions (1.30), (1.31), (1.34) and (1.35):

T
€= ~2_ ) En

Therefore, in the same way as previously:

Proposition 2.9. Under the assumptions of Theorem 1.7, there holds:

~ 2\ ~ 1 9z
sup (/Rd (I At ) |+ lyl®) Alt,y) dy + 7'2(75)//Rded In] f(t,dy,dn)) < oo, (2.40)

t>0

and

< 7 (t) o
/0 (1) //Rded In|"f (¢, dy, dn) dt < oo. (2.41)

Proof. The proof is totally similar to the proof of Lemma 2.1. O

Remark 2.21. Again, as we know that 5 > 0 and ||5(t)|| 1 (ra) = ||7°|| 1 (e, Csiszr-Kullback inequality
reads (see [1, Theorem 8.2.7]):

1 ~
gent(t) 2 Hp(t) - 72‘ lil(Rd)’

>
2|

hence in particular £ > E.ppy > 0.
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System of equations involving p

Define

J(ta y) = /nf(ta y7d77)'

Thanks to assumptions (1.32) and (1.33), we get the system

1 -
Qip+—VyJ =0, (2.42)
T

- 1 -
O J + A2y p+ Vyﬁ) = T2 Vy (/ WQf(ta y,dn)> . (2.43)

Convergence of some quadratic quantities

Proposition 2.10. Under the assumptions of Theorem 1.7, there holds:

y |ty dy — y | ) dy.
Rd 9 t—o0 Rd 9
Y| |y

Proof. Again, the proof is similar to Lemma 2.2.
e The first convergence is obvious thanks to the mass conservation.

e The second convergence follows from

1

=@ L(t),  I(t) = =2\ Ix(t),

L(t) =
where
Il(t)—/ J(t,dy), Iz(t)—/ yp(t,y) dy,
]Rd ]Rd
thanks to (2.42) and (2.43).

e The third convergence is proven thanks to the energy conservation, translating it into estimates on

7.

Regularity of

Come back to equation (2.42):
_o 1 =
é@—&-ﬁvyJ:O

The estimate (2.40) yields in the same way as previously that 1.7 € L>((0, 00), M(R%)9). In particular,
the embedding W2 (R?) — C*(R?) shows that -5V, - J € L®((0,00), W~21(R%)). Therefore, the
equation (2.42) leads to

p e Wh((0,00), W2HR?)) € C((0, 00), WHH(R)).

Using again the estimates (2.40), there holds therefore 5 € C(R*, LL (R%)).
Remark 2.22. The same considerations hold for p : p € C(R*, L} (R%)).
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End of the proof

Thanks to the estimations (2.40) and (2.41) and the equations (2.42) and (2.43), the proof is actually

completely similar to the proof for the Wigner Measure made in Section 2.2.2.
O

Remark 2.23. We can barely say anything on the behaviour of J except some integration properties (in y
and time). The only other property we might say comes from (2.43). Indeed, as we now have p,, — 72 in

LP

t,loc

(0, 00; L' (R%)) and since we also have property (2.40), we know that

t,loc

2y pn+Vypn — 0 in L, (0, 00; WL (RY)).

Moreover, (2.41) yields that for every ¢ € L>°(0, co; C}(R?))

7'-71 2 7 _ * Tn(t) 2 7
<T5,vy (fm fn(t,y,dn)>,¢>ty = [T 2O [ vt [ futedy. s

)

H) L e
< IV, 6]l t, dy, dn) dt
< IVl [ T [, Il Fe dy.d)
— 0.

n—oo

Therefore, as % Hne %, (2.43) gives that for every ¢ € L°°(0, 00; C}f (R%))

<%8tjn, ¢> — 0.

t7y n—0o0

Proof of Corollary 1.1

In the energy for f, write the potential energy in terms of p.
M M
R4 |72 1 R4 7]l Jra

M M
+ In / p(t,y) dy
||72||L1 HVQHLl R4

= —dMn7(t)+ O(1),

from (2.40). Therefore, the conservation of the energy for f yields

// €2 £(t, da, d€) = 20 + 20 dM In7(t) + O(1) ~ 2XdM Int.
R xRd4

t—o00
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Conclusion and perspectives

The universal dynamics for the non-linear Schrédinger equation with logarithmic non-linearity found in
[5] with no quantum semi-classical constant were generalized for the case with semi-classical constant,
and propagate through the semi-classical limit via the Wigner Transform: any Wigner Measure limit of
a subsequence of the Wigner Measure induces a density in space which weakly converges to the same
gaussian than previously up to a rescaling, with the same dispersion rate altered by a logarithmic factor.
Already proven for the case of mono-kinetic solutions, i.e. for solutions of the isothermal Euler equation,
in [4], such dynamics still hold for the "solutions" of the non-linear Vlasov equation with logarithmic
non-linearity, with the same logarithmic potential.

However, the previous result was proven by assuming formal properties of the Logarithmic Vlasov
Equation, and a formalization of this equations still needs to be found. The formal link between Wigner
Measure and the Logarithmic Vlasov Equation also needs to be proven in a more rigorous way.

Yet, we have seen that the Wigner Measure we have found is, in some way, mono-kinetic at ¢ = 0. In
the light of the considerations of [6], we can wonder if it remains mono-Kinetic, at least for small time and
for analytic initial data. The second perspective to those results lie in the convergence to 42 for both the
solution for the Logarithmic Schrodinger Equation and the Wigner Measure. Since the convergence still
holds for both case £ > 0 and € = 0, we can wonder if such a convergence may be uniform in € in some
way. As previously said, such an uniformity might be found in the Wasserstein metric, and we need to

deepen our computations to prove such a conjecture.
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Appendix A

Proof of Proposition 2.2

The part 1 of this proposition can be found in [12]. We now prove the points 2 to 4. The part 2 is proven
in Section A.1, Section A.2 is devoted to the proof of part 3, and finally we prove part 4 in Section A.3.

A.1 First part: proof of the second momentum in ¢

The proof of part 2 of Proposition 2.2 is organized in 4 parts. First, we will prove the equality of
Jga [€2 WH (z,€) d€ for u. € H? because we need some better regularity to prove the exchange of
integral we will make. Then, we will generalize this result to the case u. € H' by using an argument of
continuity of such a quadratic form and the fact that the integral is still well-defined even if u. € H' as
€[2WH (2,€) > 0. Then we will be able to consider &;£; W1 (2, &) without any issue, and we will prove
the equality involving it in the same way: first for u. € H?2, and then generalizing it for u. € H' thanks
to a continuity argument.

A.1.1 Scalar second momentum: H? case

As W1 is non-negative, we can consider [, || WX (,€) d¢ without any issue. Moreover, we suppose
here that u. € H?. Then:

/ EEWH (2, €) de = / €2 (W % e 0 72) (1, €) d
]Rd R‘i

= ([, lePWore et ) 2anuto)

Let’s check that the previous integral exchange is rigorous.

</Rd |£‘2 |W€ *e 75‘ d§> *y ’YE(ZE)

NPT =
= ([ 7 7 (e (- -2) o (<L) de) <)
— (/Rd Fere (AZ (ug ( + §z> e ( - %z) exp (—6”1‘)))‘ d§> *7e(@).

DI M o m
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Then we have

| 2

A, (ug (a: + %z) W exp <—5|Z4)>
= %Vz : <VUE <£U + %z) W exp <—s|'1’2>

K&

—Ue <a: + gz> Vue (ac — %z) exp (—51) — Ug (J: + §z> Ue <a: - gz> Z exp <—€‘1|2)>

2

= % [Aus <:U + %z) Ue (m - gz) exp <5|1|2) + U (:c + %z) Aue <x - %z) exp <5|1|2>

_— 2 _— 2
5 5 z € € z
+ e (m + 3 z) Ug <x —5 z> |z[2 exp (—6‘4|> —2Vu, (ac + 3 z) Vu, (x ~3 z) exp (—6|4|>

e 2 e
€ € z € €
—2Vu, (:1:—{—5,2) Uge <x—§z> - 2 exp <—€|4> +2 u, <x+§z) Ve (x—iz) -zexp(—

ﬁ(g)( =) l2I*
2u€a: 22 Ue | T 2z exp 54 .

[

Then, replacing A, (us (x4+52) ue (z— 5 2) exp (—5%)) in the previous calculus by any of the

terms of the previous sum leads to a finite number. For example:

</Rd Fae <22 Aug < + g ) m exp (—5|Z|2>>’ dg) * e ()
= </Rd Forg <542 A, < + u€<—z)) %€ Ve dn> %70 ()
)

| ™

z

N———

*¢ Ve d77> * 'Ye(x)

L

H%Hu) *Ye ()

3

1 wm) (@)

LZ

2 J—
9 9 9
ZAUE(+§Z> Uge —§Z>

o
2

<0|| T au (4 52) u (o 52)

) ||’Ys||L1 H%HLl < 0.

LeL

Then, we can come back to our equality.

[l w6y de = ( [ e d§> o e(2)
R4 R4

S </Rd Foire (AZ <ug (1: + %Z> W exp (—€|1|2>>) df) *z Ve (T)

= — [AZ (u6 <a: + g;;) W exp (—5'?4’2))} - kg Ve ()
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Using the previous calculus of A, (ue (x -5 z) Uge (m +5 z) exp (—5%) ) , we obtain
€ € | 2|2 g2 —_—
A, | ve (x + 3 z) Ve (:c ~3 z) exp | —e= - == {Aua () ue (z) + ue (x) Aug ()

z=0 4
2|V () 2] (o)
52
-7 [A (|u€|2) () — 4[Vue (z) | ]
(@)

Therefore, knowing that v, € S(R?), we can pass the A to the other side of the convolution and get

g2 ed
/Rd |€|2 WaH(ffvf) d§ = e |VU€|2 *Ye(z) — 1 |u5|2 * Ave(w) + ?‘UE‘Q * Ve ()

which yields to the first equality. Keeping in mind that 7. € S, integrating in x yields

2
//Rded €2 WH (2,¢) déda = & /Rd |Vug(m)\2dx/Rd Ve(y) dy — Z/Rd ue ()| da /Rd Ay (y) dy
d
+ Z/Rd \us(x)Pd:r/Rd%(y) dy

ed
= &%||Vue||72 + 5\!%!\%%

A.1.2 Scalar second momentum: H! case

In the same way, we can still consider [, |£[* W (2, £) d€ even for u. € H'. However, it could still be
equal to +-o00. The first part will be to show that this is not the case.

For fixed € > 0, take a sequence of functions u,  in H 2 converging to u. in H' when k — oo. Using
the notation W j, (resp. Wfk) for the Wigner Transform (resp. the Husimi Transform) of the functions of
the sequence, we first show that they converge uniformly to the Wigner Transform W, (resp. the Husimi
Transform WEH ) of u.. Forx,& € R4

(Wek(2,8) = We(@,8)| = [Fepep(x,§) — Fepe(w, )]
< C”ﬁs,k($7 ) - ﬁS(xﬂ ‘)HL1

< C||uep(z+ Ej)ugk(x - —) —us(z+ 6—)ua(sc - =)

2
<o

wsle + ) (verte = ) - e = 5))

L
Hfeaer e )5 )
<C (‘ e (2 + %Z) | [t (z = %Z) ue(z = %Z)‘ L2
+ [|uek(z + %Z) —ue(r %Z)’ L2 wele = %Z> Lg)

< C: (Hua,k||L2 ||u£,k - Us||L2 + ||ua,k: - UEHL2 ||U€||L2)

<C: ||Ua,k _Us||L2 .
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Therefore, W, ;. converges uniformly to W, with the bound
||We,k - WEHLOQ < C; ||u5,k: - u€||L2 )
and the same kind of bound hold for the Husimi Transform:
||W€I:Ik2 - V[/;HHLoo = | (WE,k = We) % Gel|p= < ||Wak — Wel|p<||Gel| 2 < Ce ||ue,k - u€||L2 .
Thus, we can use Fatou lemma for |£ |2W£€($, €), which leads to
[l w6y de < tmint [ (€2 W (e, de
Rd k—oo  Jpd ’
The previous calculus yields
2 i/ H 2 2 g2 2 ed 2
e €] Wa,k(x’f) d§ = e” |Vue g|” * = () — 1 |ue k| * Ave(z) + ?|uak‘ * Ve ().

But u.p — u.in HY, so |[Vue x> — |Vue|? and |u. x> — |uz|? in L. Those limits show that
k—o00 k—so0 k—o0

the right hand side of the previous equality goes to the good term when & — oo, which means that
2 117H 2 2 g? 2 ed, o
W @6 de < 2190 ue) = Tl « Aqule) + G el < 22(e) < o,
Therefore, the map
H' - R*
wr [ 1EPWH ) de

is well-defined for every « € R%. Moreover, it is a non-negative quadratic form because W, and then also

WH are quadratic. Furthermore, it is continuous thanks to the previous inequality which leads to

VW 6 d < Collucl

Thus, the equality (2.19), which is true in H? dense subspace in H!, also holds in H" since the right hand
side is also continuous.

A.1.3 Vector second momentum: H? case

With the same hypothesis, we can consider [5q &&; WH (z,€) d¢ as we now know that &¢&; Wi (z,€)
is integrable thanks to the previous equality, and in the same way, we have for u. € H? and for every
r € R%:

/ €6 W (2,€) de = / €465 (W ¢ e 0 72) () €) dE
R4 R4

= </Rd §i&G We *¢ e df) *z Ve (2),

the exchange of integral is rigorous with the same kind of estimation as previously. Moreover,

| eeWeta ) senede == | Fio (6“3%‘ (“ (e+57) ue(o-52) e (‘&ug») *
= — [821023. (ug (ﬂs + %z) W €xp <5Z4|2>)]

z=0
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Then we have

o o565 ()

€ € 5
:5821. <aju5 (z—|—§z> Ug (33—52

€
2
2
—8Ju€ (.Z‘—I—%Z Ue (3:— %z) 2; exp —5’4’ + Ue (:B+§z i Ue (x— %z) Zj exp <—54
2 . 2
+ue <a: + g ) Ojue (a: — %z) Zi exp (—5|'1|>] - E(;” Ue (a: + gz) Ue <a: - = z) exp <—5’Z4|>,
which yields
_ 2 2
{821.8%. <uE (x + %z) Ug (ac - %z) exp (—5|Z4|>>} L = gz [(Z@ua () ue () + ue (x) 0;0uc ()
Oiue () Ojue (z) — Ojue () Ojue (x)}
S (1) 0 @)
2
= = [0:0) (luc?) (2) = 4 Re (00 () Oyuc @) |
0 (a)P

Therefore, in the same way as previously,

g2 €0;;
/Rd &&j WEH(m, €)d¢ = 2 Re (aiug (x) Ojue (x)) * e () — T ]uglz * 0,07 (x) + J |ug|2 * Ve (),
and

//Rded &6 WH (,€) dédr = €2 /]Rd Re (a,-ug (z) M) i + 2. e

A.1.4 Vector second momentum: H' case

The generalization of this equality is similar to the end of the previous generalization for the scalar second

momentum. The map
H' >R
Y LA

is a well-defined, continuous quadratic form thanks to the previous equality for the scalar second momen-
tum. Then, the equality made for u. € H? also hold for u. € H'.
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A.2 Second part: first momentum in ¢

We know that [, |¢]> W1 (2, £) d§ < oo by the previous proof and also that [, WX (z,€) dé < oo,
therefore we can consider [, & WH (x,¢) d¢. Then:

/ EWH (2,€) de = / € (W, e 7o 0 7) (1, €) dE
R‘i Rd

- (/ swsmec%) o Yo,
]Rd

the integral exchange being rigorous with the same kind of calculus as before, which infers that:

Adﬁwf(:c,f) de = (—i v, (u (+52) W exp (_524‘2» z:o) e

= eIm (Vu uz) * v ()
and therefore the first equality, the second one being obvious by integrating this result.

A.3 Third part: second momentum in x

In the same way, as WgH is non-negative, we have, thanks to Proposition 2.2,

JL el whe g s = [ o ([ whegdc) ao

= [Pl s n.le) do
R

- //Rd Rd |$|2 |UE(SU — y)’2 * fyg(y) dydx.
X

Therefore

/ / 22 WH (a2, €) dude / / & — 2 [ue(@ — ) 7 (y) dyda
RIx R4 R4 x R4

:// 2(z—y) -y + y*) [uc(z — y)* * Y= (y) dyda
R4 xR4

=2 </}Rdm\ug(w)]2daz> : (/Rdy%(y) dy) + [Juel[72 /Rd lyl* 7e(y) dy

_

= el

because [pq y7:(y) dy = 0and [pq ly|2 v (y) dy = %. The proof is complete as soon as we observe that

L o= v e =)l = 52(o) dyde = Pl (@)l
X
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Appendix B

Proof of the convergence of the p-th
moment

We now prove the convergence of the p-th moment of () to the p-th moment of v2 for all p € [1,2). The
proof is actually a straightforward consequence of the following lemma:

Lemma B.1 (Convergence of the p-th moment). Let (f,) a sequence in L*(RY) and f € L'(R%)

such that f, — fin L'. Assume also that there exists ¢ > 0 and C independent of n such that
n—oo

Jga 2|9 | fr(x)| dz < C. Then, for all p € (0,q),

[abterde = [ e fGo

Proof. Take e > 0, R > 0 and p € (0, ¢). Then cutting each integrals in two:

[ uwyda = [ 1o soyde| <

|z|P fn(z) dz — /B(O o |z|P f(x) dx

/ |z|P fr(x) dm—/ |z|P f(x)dx|.
B(0,R)° B(0,R)*

< / 2P | fol (@) da
B(0,R)e

)

B(0,R)

+

But then,

|z[” fo(2) d

B(0,R)¢

Thanks to the bound [, |7 fn ()] dz < C, it is well known that [p, |2|?|f(z)|dz < C, and therefore

we have the same bound as previously for [ B(0.R)° |z|P f(z) dx. Then, take R > 0 such that RQ(ICP <s.

Therefore,

[ o oo = [ 1o sy da| <

||P frn(x) dx — /B(O o |z|P f(x)dx| + =

B(0,R)
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Finally,

/ 2P fol) da = / Lponlel fu@ de — [ 1pomlal f(z)de = / 2l f(z) da,
B(0,R) Rd n—=00 JRrd

because 1 g)|z|P € L°°(R?). Therefore, take N such that for all n. > N,

/ 2P ful) dx — / 2P f(z) de
B(0,R) B(0,R)

which yields for alln > N,

<

DN ™

<e.

e o= [ 1o so)as

The convergence is proven.
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Appendix C

Proof of Proposition 2.8

The main part of this proof is to prove the second part of the Proposition. Indeed, the computations that
will be done can be done reversely, which will show the first part. The only thing that remains to prove is
that c; solution to (2.34) is C°>°(R™), but this has already been done in [7].

Therefore, with the notation and hypothesis of the second part of Proposition 2.8, we calculate:

[ aw delta) L a®) e —b®FR | b) - (@ bit)
@ﬂtﬁa“[dq@) Tt TP awp SO
Orea(t, ) |€ — ba(t, z)|? Oba(t,x) - (€ — ba(t,x))
+2 co(t, )3 2 co(t, x)? ] 7,0
z — by (t) € — b(t, ) (€ = bo(t, x))?

aa:f(t7xa£) = [_2 + 28£b2(t7x) + 2(92702(75,1}) :| f(twraf):

c1(t)? co(t, x)? co(t, )3
8£f(t, x, 5) = -2 g_cj(zt(;g’x)f(ta Z, 5)7
_ (= ))? T — 2
plt.) = e 20 > Inplt) = A (e (o)
x — bi(t)

= Oa(Inp)(t; ) = ~2 =75

Putting all those equalities in the equation (1.1) leads us to an equation which is of the form

P(t,x, ) f(t,,) =0

where P is a function such that for every (¢,x), P(t,z,.) is polynomial of degree at most 3. Since
f(t,z, &) > 0 forevery (t,x,&), there holds P = 0 and therefore for every (¢, z), the coefficients of the

polynomial function p(¢, x, .) are null. In particular, the coefficient of higher degree comes from the term
£0, f and is

Ozca(t, )
co(t,z)3
We supposed that co > 0, therefore
Orca(t,z) =0, for all (t,x),
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and thus ¢y does not depend on ¢. We now take a more suitable basis to get null coefficients for the
polynomial function, of degree at most 2, £ — P(t,z,€): ((€ — ba(t,z))?, & — ba(t, x),1). Again, the
coefficients in this basis are null, which yields for (¢ — ba(t, z))?:

Et) Oubat,x)
20 T ata?

This equation leads to

Ozba(t,x) = —

and then, there exists a function py = po(t) such that:

x4+ po(t), for all (¢, x).

The assumption on the regularity of by shows that pg € C*([0,7))). But then, we also get thanks to the

same assumption and the assumption on the regularity of ca:

éa(t) = ea(t) (po(t) — b2(t, 1)) € CH([0,T)).
Therefore, c2 € C%([0,T)). Now, watching the coefficient for (¢ — ba(t, 7)), we get

Iba(t, ) x —by(t) ba(t, x) Opba(t, x) x — by (t) - ra N
i eoh? ’ c1(t)? " ca(t)? -4 c1(t)?ea(t)? 0 forall (¢, 2).

In terms of O;bo, this reads

Btbg(t,x):<1+ 22 >62(t)2 (z — by (t)) — ba(t, ) Duba(t, )

() ci(t)?
ea(t)? a(t)? 2\ eo(t)? ea(t)
= [(+ i) S ~ o) 7= (1 ) S+ St

However, the previous expression of by allows us to compute another expression of 0;bo:

Diba(t, ) = <—52(t) + éQ(t)z> -+ polt).

(6] (t) (&) (t)

This yields the following system of equations for all £ > 0:

2\ cz(t)2 B _52(75) c'g(t)Q
<1 ' Cz(t)2> cl(tQ)i el 2 ca(t)?’ (€.
()=~ (14 52 g 0 + o ® €2)

In particular, the second equation shows that py € C1([0,T)) (since the right-hand side is) and is actually
an ordinary differential equation of order 1. The solution is well-known as soon as we remark that

2 d .
2 = g(Incp) and reads:
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and thanks to the first equation, we can expand it:

with C1 = Cy — 622((()()))2 b1(0) with an integration by parts. Last, the constant in £ gives the following

equation:
a(t)  éa(t) ¢é1(t) by (t) bo(t, 7) B
O +2 OE (z —bi(1)* + 201@)2 (x —by1(t)) — 2 0L (x—b(t) =0 (C.3)

But since we know that b, is affine in z, the left-hand side is a polynomial function in x of degree 2
for all ¢ € [0,7T). Therefore, the coefficients in a suitable basis are null. This time, we take the basis:
((z — b1(t))?, = — b1(t), 1). For the first one and for the constants, we get

é(t) &(t)
Y@ T aws
_alt) el

at) eft)
Those 2 equations actually reduce in a single one, for instance

d
£(01 c2) =0,

and therefore, for all t € [0,7),

c1(t) ea(t) = ¢1(0) e2(0) =: C > 0.

We already know that c5 is C? and positive, therefore so is ¢;. Coming back to (C.1), we now have

Cy = 2 - — = =,
» C° C
which reads in terms of ¢; ~
. 2\ (C?
cp=—-+ 3

which is (2.34). Last, the final equation we have comes from the coefficient for (z — b1 (t)):

b1 t) + 9 Cg(t)
C

a2 TP a0

bi(t) — =0, forall t > 0.

This leads to

) éo
by = —— b1 + po.
Co

All the terms in the right-hand side are C' ([0, T')), therefore so is b1, which yields to the C2-regularity of
b1. Therefore, we can again expand the expression for pg found previously with another integration by

parts:

(0 + a0~ ea() [ 2

ds,
0 c2(s)

po(t) = Coea(t) + ¢
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with Cy = C + @L(O) Plugging this expression of pg into the expression of by leads to

ds.

Chealt) = ea() /t ba(s)

0 c2(s)

Since cg > 0, we then obtain Cy = 0 and 2—; = 0, which is 52 = (. Thus, there exists By, B; constants
such that

by = Byt + Bo,

and this gives the final expression for pgy (and therefore for bo):

éa(t)
Cg(t)

po(t) = (Bit + Bo) + B;.

54



Bibliography

(1]

(2]

(3]

(4]

(5]

[6]

(7]

[8]

[9]

[10]

[11]

[12]

C. Ané, S. Blachere, D. Chafai, P. Fougeres, 1. Gentil, F. Malrieu, C. Roberto, and G. Scheffer. Sur

les inégalités de Sobolev logarithmiques. Société Mathématique de France, 2000.

A. Arnold, P. Markowich, G. Toscani, and A. Unterreiter. On convex sobolev inequalities and the
rate of convergence to equilibrium for fokker-planck type equations. Communications in Partial
Differential Equations, 26(1-2):43—-100, 2001.

A. Athanassoulis and T. Paul. Strong phase-space semiclassical asymptotics. SIAM Journal on
Mathematical Analysis, 43(5):2116-2149, 2011.

R. Carles, K. Carrapatoso, and M. Hillairet. Rigidity results in generalized isothermal fluids. 34
pages, Mar. 2018.

R. Carles and I. Gallagher. Universal dynamics for the defocusing logarithmic Schrodinger equation.
Duke Mathematical Journal, 167(9):1761-1801, 2018.

R. Carles and C. Gallo. WKB analysis of generalized derivative nonlinear Schrodinger equations
without hyperbolicity. Mathematical Models and Methods in Applied Sciences, 27(9):1727-1742,
2017.

R. Carles and A. Nouri. Monokinetic solutions to a singular Vlasov equation from a semiclassical

perspective. Asymptotic Analysis, 102:99-117, 2017.

T. Cazenavec and A. Haraux. Equations d’évolution avec non linéarité logarithmique. Annales de la
faculté de sciences de Toulouse, Se série, 11:21-55, 1980.

P. Ghendrih, M. Hauray, and A. Nouri. Derivation of a gyrokinetic model. Existence and uniqueness
of specific stationary solutions. Kinetic and Related Models , 2(4):707-725, Dec. 2010.

P. Gérard. Mesures semi-classiques et ondes de bloch. Séminaire Equations aux dérivées partielles
(Polytechnique), pages 1-19, 1990-1991.

P. Gérard, P. A. Markowich, N. J. Mauser, and F. Poupaud. Homogenization limits and wigner

transforms. Communications on Pure and Applied Mathematics, 50(4):323-379, Apr. 1997.

P.-L. Lions and T. Paul. Sur les mesures de wigner. Revista Matemdtica Iberoamericana, 9(3):553—
618, 1993.

55



[13] C. Villani. Optimal Transport: Old and New. Grundlehren der mathematischen Wissenschaften.
Springer Berlin Heidelberg, 2008.

56



	Introduction and Main Results
	Introduction
	Motivations
	Main Results
	Plan of the proofs

	Results and proofs
	Schrödinger Equation with logarithmic non-linearity
	Existence and uniqueness of a solution
	Properties of the solution

	Wigner Transform and Wigner Measure
	Definition and general properties
	Wigner Measure of a Non-Linear Schrödinger Equation with logarithmic non-linearity

	Vlasov Equation with Logarithmic Non-Linearity
	"Gaussian-Gaussian" Case in dimension 1
	General Case


	Proof of Proposition 2.2
	First part: proof of the second momentum in xi
	Scalar second momentum: H2 case
	Scalar second momentum: H1 case
	Vector second momentum: H2 case
	Vector second momentum: H1 case

	Second part: first momentum in xi
	Third part: second momentum in x

	Proof of the convergence of the p-th moment
	Proof of Proposition 2.8
	Bibliography

